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Résumé Les preuves formelles et les
assistants de preuve sont des outils rigoureux
permettant d'exprimer des théoremes et de
vérifier leur validité. Ces preuves peuvent
s'appuyer sur une grande variété de logiques,
étre implémentées dans divers assistants de
preuve et utiliser de nombreuses structures
de données ou représentations. L'objectif de
cette thése est de concevoir des traductions
de preuves formelles entre ces différents
formalismes.

La premiere partie de cette these
s'intéresse aux traductions entre les logiques
d'ordre supérieur classique, intuitionniste et
minimale. Nous étendons des traductions par
double négation de la logique du premier ordre
alalogique d’'ordre supérieur, en montrant que
certains des résultats valables au premier ordre
ne se vérifient pas nécessairement. De plus,
nous définissons une traduction, paramétrée
par des opérateurs de monade, qui peut étre
instanciée pour traduire la logique classique
d'ordre supérieur en logique intuitionniste,
ou la logique intuitionniste d'ordre supérieur
en logique minimale. Cette traduction nous
permet également de constructiviser les
preuves de formules cohérentes d'ordre
supérieur. Enfin, nous définissons une logique
infinitaire d'ordre supérieur, et I'étudions tant
au niveau syntaxique que sémantique. Nous

étendons le théoréeme de Barr a cette logique,
ce qui nous permet de constructiviser les
preuves de formules géométriques d'ordre
supérieur.

Les cadres logiques sont des méta-langages
concus pour exprimer des logiques et des
systemes déductifs. La seconde partie de
cette thése se concentre sur les traductions
entre les théories du All-calcul modulo
réécriture, un cadre logique particulier, dont
I'implémentation Dedukti est utilisée comme
pont entre les systtmes de preuve. A titre
d'étude de cas, nous adaptons une traduction
par double négation a ce cadre logique, et
nous développons un outil qui I'implémente
dans Dedukti. De plus, nous étendons les
morphismes de théories et les relations
logiques au All-calcul modulo réécriture. Ces
patrons de traduction peuvent étre instanciés
pour générer mécaniquement des traductions
entre théories. La correction de ces traductions
est garantie, a condition que les parametres
fournis par l'utilisateur soient corrects. Nous
montrons comment tirer parti de la réécriture
lors de l'utilisation de ces patrons, en prenant
I'exemple d'une traduction d'une logique typée
vers une logique non typée. Nous développons
un outil qui implémente ces patrons de
traduction dans Dedukti.
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Title: Translations of proofs between higher-order logics and between theories with rewriting

Keywords: Proof theory, Type theory, Higher-order logic, Rewriting, Translation

Abstract: Formal proofs and proof assistants
are rigorous tools for expressing theorems and
verifying their validity. Formal proofs can be
based on a wide variety of logics, implemented
in various proof assistants, and use numerous
data structures or representations. The goal of
this thesis is to design translations of formal
proofs between such formalisms.

The first part of this thesis focuses on the
translations between higher-order classical,
intuitionistic and minimal logics. We extend
double-negation translations from first-order
logic to higher-order logic, showing that some
results, that are valid in first-order logic,
do not necessarily hold. Moreover, we
define a translation, parameterized by monad
operators, that can be instantiated to translate
higher-order classical logic into intuitionistic
logic, or higher-order intuitionistic logic into
minimal logic. This translation also allows us to
constructivize proofs of higher-order coherent
formulas. Finally, we define a higher-order
infinitary logic, and study it at both the syntactic
and semantic level. We extend Barr’'s theorem
to this logic, allowing us to constructivize proofs

of higher-order geometric formulas.

Logical frameworks are meta-languages
designed for expressing logics and deductive
systems. The second part of this thesis focuses
on the translations between theories of the
AlI-calculus modulo rewriting, a specific logical
framework, whose implementation Dedukti is
used as a middleware between proof systems.
As a case study, we adapt a double-negation
translation to this logical framework, and
develop a tool that implements it in Dedukti.
Furthermore, we extend theory morphisms
and logical relations to the All-calculus modulo
rewriting. These translation templates can
be instantiated to mechanically generate
translations between theories. Provided that
the parameters supplied by the user are
correct, the correctness of the generated
translations is guaranteed. We show how
rewriting can be leveraged when applying
these templates, using the example of a
translation from a typed logic to an untyped
logic. We develop a tool that implements such
translation templates in Dedukti.
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Résuméeé en francais

Introduction

Preuves formelles et assistants de preuve. Les résultats mathématiques sont
souvent démontrés en écrivant des preuves & la main. Ces dernieres sont en apparence
rigoureuses, mais peuvent contenir des erreurs (un théoréme est appliqué sans vérifier
que ses hypotheses sont satisfaites, un cas est oublié, etc). De plus, la notion de preuve
n'est pas absolue : une méme preuve peut étre considérée comme correcte par certains,
mais comme incompléte ou fausse par d'autres.

Au XIXeme siecle, les mathématiciens ont commencé a formaliser le raisonnement et
la logique, aboutissant a la théorie de la preuve, qui considére la démonstration comme
un objet mathématique a part entiere. Les preuves formelles sont une combinaison
d'assertions derivées les unes des autres par des regles d'inférence. Cette notion est
absolue : vérifier qu'une preuve formelle est correcte est une tache mécanique.

Le développement de linformatique a permis des avancées majeures dans le
domaine des preuves formelles. Puisque vérifier une preuve est une tache mécanique,
elle peut étre accomplie par un ordinateur. De nombreux assistants de preuve ont été
développés, comme Rocq [BC04], Lean [dMKAT15] ou Isabelle [Pau94]. Ces outils
facilitent I'écriture des preuves par lutilisateur, et permettent leur vérification
automatique. Parmi les résultats majeurs, on peut citer la preuve du théoréme des
quatre couleurs [Gon08], ou encore la certification d'un compilateur pour C [LBK*16].

Interrelations et interopérabilité. Lors de I'écriture d'une preuve formelle, il faut
choisir la logique dans laquelle on raisonne, les regles d'inférence avec lesquelles on
construit la preuve, les structures de données auxquelles on peut faire appel, et
éventuellement l'assistant de preuve dans lequel on va formaliser la preuve. Cette
grande variété de choix génére plusieurs défis, aussi bien théoriques que pratiques.

Du point de vue théorique, on cherche a savoir dans quelle mesure le choix d'un
formalisme particulier affecte la validité d'une preuve formelle. En d'autres termes, on
s'intéresse aux interrelations entre plusieurs logiques, systemes de preuves, structures
de données et assistants de preuve.

Du point de vue pratique, on cherche a échanger des preuves entre différents outils.
C'est l'interopérabilité entre assistants de preuve. Cela permet notamment de réutiliser
des librairies de preuves déja développées dans d'autres outils (simplifiant ainsi la tache
de l'utilisateur), ou encore de re-vérifier les preuves dans plusieurs outils (augmentant
ainsi la confiance dans les preuves et dans les assistants de preuve).

9
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Objectifs. Dans cette thése, nous proposons d'établir des traductions entre preuves
formelles et d’'approfondir leur compréhension. Nous traitons ce probleme aussi bien
au niveau théorique que pratique, renforcant ainsi les interrelations et l'interopérabilité.
Cette these présente deux axes de recherche principaux, unifiés par cette méme ligne
directrice.

Le travail présenté dans ce manuscrit a fait I'objet de 6 articles, correspondant aux
références suivantes [Tra26, Tra24a, Tra24b, Tra25, TR25, THA26].

Traductions entre logiques d'ordre supérieur

Motivation. Au XXéme siecle, les réflexions liées aux fondements des
mathématiques ont amené au questionnement du principe du tiers exclu (selon lequel,
pour toute formule, soit celle-ci est vraie soit sa négation I'est) et du principle d’explosion
(selon lequel toute formule peut étre déduite d'une contradiction). On distingue la
logique classique (qui admet ces deux principes), la logique intuitionniste (qui rejette le
tiers exclu), et la logique minimale (qui rejette ces deux principes). En logique
intuitionniste et en logique minimale, les preuves sont constructives.

Toute preuve valide en logique minimale est aussi valide en logique intuitionniste, et
toute preuve valide en logique intuitionniste est aussi valide en logique classique. Le
sens inverse, beaucoup plus complexe, peut se traiter par deux approches. La premiere
consiste a constructiviser une preuve classique lorsque cela est possible. D'apres le
théoreme de Barr [Bar74], toute formule cohérente ou géométrique prouvable en
logique classique admet une preuve constructive. La seconde approche consiste a
traduire la logique classique (respectivement intuitionniste) dans la logique
intuitionniste (respectivement minimale). Cela fonctionne pour toutes les preuves, mais
modifie les énoncés prouvés. On peut notamment citer les traductions par double
négation [Gli28, Kol25, G633, Gen36, Kur51], qui inserent des double négations a
différents endroits dans les formules.

A l'exception de [BR14], tous ces résultats ont été développés pour la logique
propositionnelle et la logique du premier ordre. La logique d’ordre supérieur est tres
expressive, dans la mesure ou elle permet de quantifier sur des fonctions, des prédicats,
des propositions, etc. Elle est modélisée par le A-calcul simplement typé.

Dans la premiére partie de cette thése, nous nous focalisons sur les traductions entre
logiques classique, intuitionniste et minimale d'ordre supérieur.

Traductions par double négation. Dans le Chapitre 4, nous étendons la
traduction de Kuroda a l'ordre supérieur, permettant ainsi de traduire la logique
classique d'ordre supérieur dans la logique intuitionniste. Nous montrons que certaines
propriétés satisfaites par la traduction au premier ordre ne se vérifient plus a l'ordre
supérieur. En particulier, une formule et sa traduction ne sont pas nécessairement
équivalentes en logique classique. Nous montrons que ces propriétés sont vérifiées en
supposant I'extensionnalité fonctionnelle et I'extensionnalité propositionnelle.

Nous montrons également que la traduction de Kolmogorov peut étre étendue a
l'ordre supérieur, grace a une simple reformulation. Cette traduction va de la logique
classique d’'ordre supérieur a la logique minimale.
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Traductions par monade. Dans le Chapitre 5, nous généralisons la traduction de
Kuroda du Chapitre 4, en utilisant des opérateurs de monade a la place des double
négations. En fonction de l'opérateur de monade choisi, la traduction va de la logique
classique d'ordre supérieur a la logique intuitionniste, ou de la logique intuitionniste
d'ordre supérieur a la logique minimale.

De plus, nous montrons, grace a cette traduction, comment constructiviser les
preuves de formules cohérentes d'ordre supérieur. En particulier, nous étendons le
théoreme de Barr aux formules cohérentes d'ordre supérieur.

Logique infinitaire d’ordre supérieur. Dans le Chapitre 6, nous définissons et
étudions une logique infinitaire d'ordre supérieur. Elle posséde des quantificateurs
d'ordre supérieur, des conjonctions infinies et des disjonctions infinies.

Nous donnons une sémantique correcte a cette logique, en se basant sur les
algebres de Heyting. Nous montrons que cette sémantique est complete, en
construisant un modéle intensionnel particulier. Nous en déduisons le théoreme
d’élimination des coupures pour la déduction naturelle.

Enfin, nous étendons le théoréme de Barr aux formules géométriques d'ordre
supérieur, en tirant parti de la traduction développée dans le Chapitre 5.

Traductions entre théories avec réécriture

Motivation. Les cadres logiques sont des méta-langages pour exprimer des logiques
et des systémes déductifs. On peut notamment citer le cadre logique LF [HHP93], basé
sur du A-calcul avec types dépendants. LF s'‘appuie sur la correspondance de
Curry-Howard : les jugements sont représentés par des types, et les preuves de ces
jugements sont représentés par des termes de ces types. Vérifier la validté d'une preuve
revient donc a vérifier que le terme qui la représente a le bon type.

Le All-calcul modulo réécriture, noté AII/R, étend LF avec des regles de réécriture
définissables par l'utilisateur. Dedukti est le langage de preuve associé a AII/R. Les
théories de AII/R sont un ensemble de constantes typées et de régles de réécritures.
De nombreuses logiques peuvent étre encodées dans AII/R, en particulier les logiques
sous-jacentes de divers assistants de preuve. Cela permet d'utiliser Dedukti comme un
pont entre systemes, renforcant ainsi l'interopérabilité.

Dans la seconde partie de cette thése, nous nous focalisons sur les traductions de
preuves entre différentes théories de A\II/R.

Traduction par double négation. Dans le Chapitre 9, nous nous intéressons aux
théories encodées dans AII/R qui se basent sur logique classique d'ordre supérieur.
Nous étendons la traduction de Kuroda, telle que définie dans le Chapitre 4, en prenant
en compte les types dépendants, la réécriture, et la correspondance de Curry-Howard.

Nous développons un outil qui permet de traduire des preuves Dedukti d'une théorie
basée sur la logique classique d'ordre supérieur a sa version intutionniste. Nous testons
cet outil sur une centaine de preuves Dedukti.
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Patrons de traduction. Aprés l'étude de cas dans le Chapitre 9, nous nous
intéressons dans le Chapitre 10 a des mécanismes de traductions entre différentes
théories de A\II/R. Nous étendons les morphismes de théories [HST94] et les relations
logiques [RS13] de LF a AII/R. Ces patrons de traduction peuvent étre instanciés pour
générer mécaniquement des traductions entre théories. Nous établissons des
méta-théoréemes qui garantissent la correction de ces traductions, a condition que les
parametres fournis par l'utilisateur soient corrects.

Nous utilisons ces patrons pour formaliser des traductions entre plusieurs théories
de MII/R. En particulier, nous établissons une traduction d'une logique fortement typée
a une logique faiblement typée puis a une logique non typée. Tous ces exemples nous
permettent d'analyser le réle de la réécriture vis-a-vis de ces patrons de traductions. La
réécriture dans la théorie de départ crée de nouvelles obligations de preuves. A
linverse, la réécriture dans la théorie darrivée permet de décharger certaines
obligations de preuves au systéme plutot qu'a l'utilisateur, facilitant ainsi la traduction.

Nous développons un outil qui implémente ces patrons de traduction dans Dedukti,
et encodons les exemples développés dans le chapitre.

Conclusion et perspectives

Résumé. Cette thése se consacre a I'étude des interrelations entre logiques d’ordre
supérieur et de l'interopérabilité entre théories de AII/R. Ces deux axes de travail ont
été menés a bien en établissant des traductions et en montrant qu’elles sont correctes.
Nous avons défini des traductions individuelles (Chapitres 4 et 9), mais aussi des
traductions paramétrées qui peuvent étre instanciées (Chapitres 5 et 10). Nous avons
également défini et étudié une logique infinitaire d'ordre supérieure (Chapitre 6),
permettant de combiner I'expressivité de la logique infinitaire et de la logique d'ordre
supérieur. En somme, cette these fournit des outils théoriques et pratiques pour
traduire des preuves formelles entre différents formalismes.

Au-dela des perspectives propres a chaque partie, deux perpespectives sur le long
terme se dégagent de cette these.

Alignement des concepts. Lorsqu'on traduit une librairie de preuves d'un assistant
de preuve vers un autre, on obtient généralement des théoremes et preuves qui se basent
sur des concepts tels que définis dans le systéeme de départ. Afin d’obtenir les résultats
basés sur les concepts tels que définis dans le systéme d'arrivée, il faut procéder a un
alignement des concepts [MGK™17].

Les morphismes et les relations logiques sont des outils permettant d'aligner des
concepts, et ce de maniére mécanique a partir de parametres fournis par l'utilisateur.
En dehors de AII/R, on peut par exemple citer Trocq [CCM24, CCM25], un outil basé sur
la paramétricité et qui permet I'échange de preuves dans Rocq.

Impact de [lIntelligence Artificielle. Les récents développements de [IlA
générative bouleversent la maniére de prouver des résultats en mathématiques, mais
aussi la maniéere de programmer en informatique. Les résultats générés par IA n'ayant
pas de garantie de fiabilité, cela renforce l'intérét des méthodes formelles.
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De plus, I'lA apparait prometeuse pour la formalisation des preuves [YPHT26]. De
nombreux travaux montrent son potentiel pour formaliser des preuves a partir de
preuves a la main, pour aider les utilisateurs des assistants de preuve, ou encore pour
traduire entre différents langages.

Les méthodes et outils développés dans cette thése pourraient bénéficier de I'lA. On
peut par exemple imaginer qu'une |A fournisse les parametres des morphismes et
relations logiques, plutét que les demander a l'utilisateur.






Chapter 1

Introduction

In common speech, a proof is an evidence or a reasoning that establishes the truth of a
statement. The evidence or argument must be sufficiently convincing to be accepted by
everyone. Whether a proof is valid or not may vary from person to person. In that sense,
the notion of proof is not absolute.

Pen-and-Paper Proofs

In mathematics, a pen-and-paper proof is a structured reasoning. It makes use of the
assumptions of the problem or of known facts, and combines them using implicit
reasoning rules to derive the result. A pen-and-paper proof is in appearance rigorous,
but it is not free from errors and imprecisions: using a theorem without checking its
assumptions, forgetting a case, saying that a non-trivial argument is trivial, or missing
subtle details. Checking a proof may be difficult: if it is too short, the missing details
complicate the understanding, and if it is too long, the reasoning may be cumbersome.
Actually, the same proof can be viewed as satisfactory by some and unsatisfactory by
others, depending on the expected level of detail. A proof can even be considered
correct by the community, before being later disproved.

The limitations of pen-and-paper proofs can be illustrated by the history of the
Abel-Ruffini theorem, or Abel's impossibility theorem, which states that polynomial
equations of degree five or higher do not have solutions in radicals. In 1799, Ruffini
established a 500-page proof. Cauchy wrote that Ruffini's memoir “proves conclusively”
the theorem, while Abel felt that the “memoir is so complicated that it is very difficult to
determine the validity of [the] argument” [Kie71]. The correctness of Ruffini's proof was
disputed, and it later turned out that it was incomplete. In 1824, Abel established a new
proof. As he had to pay for the printing himself, he condensed the proof into 6 pages.
This resulted in an abrupt reasoning, that was difficult to understand [Pes04].

Formal Proofs

In the 19th century, mathematicians started to formalize logic and reasoning, leading to
the development of proof theory, a branch of logic that considers proofs as
mathematical objects. A formal proof [AH14] is a sequence of propositions that are
axioms, assumptions, or follow from the previous ones using inference rules. Every step
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of the reasoning is made explicit. It is therefore easy to check a formal proof: it suffices
to check that each step is correct. In particular, formal proof is not an abstract notion
that depends on the judgment of the reader, and the correctness of a formal proof is
defined by an objective criterion.

However, turning a pen-and-paper proof into a formal proof is often burdensome. It
requires us to identify, clarify and write all the implicit details of the pen-and-paper proof.
For Bourbaki [Bou70], formalizing mathematical proofs is not doable in practice:

“It does not take much experience to realize that such a project is utterly unfeasible;
even the simplest proof at the beginning of Theory of Sets would already require hundreds
of characters to be fully formalized.”

Such limitations were in part tackled by the development of computer science over the
course of the 20th century.

Proof Assistants

The Automath project [dB80], launched in 1966 by de Bruijn, aimed at developing a
system for writing and checking mathematical proofs. The project relied on the
following observation: checking the correctness of a proof is a mechanical task that can
be done by a computer. This idea gave rise to proof assistants [Geu09], also called
interactive theorem provers. Since the pioneering Automath project, many proof
assistants have been developed, including Agda [Nor05], HOL [Gor88], HOL
Light [Har96], Isabelle [Pau94], Lean [dMKAT15], Nuprl [CAB*86], Matita [ACTZ07],
Mizar [TB85], PVS [ORS92], Rocq (formerly Coq) [BCO4], or Twelf [PS99]. Proofs that are
formalized in proof assistants are called computer-verified proofs.

Modern proof assistants are software tools that help humans for both the writing and
the checking of formal proofs. The user formalizes the proof, assisted by the software that
displays the goals to prove and the hypotheses that can be assumed. This information
is updated as the user progresses through the proof. The software mechanically checks
each step of the proof and signals errors to the user. Proof assistants simplify the work
of the user, ensure trust in the proof, but also reveal critical when formalizing long and
complicated proofs.

Proof assistants help the user in the writing of the formal proof, but they do not
produce the proof. On the contrary, automated theorem provers are software tools that
try to generate a formal proof of a given statement, without human intervention.
Automated theorem provers follow decision or semi-decision procedures, and only
succeed for a restricted class of formulas. Proof assistants may feature the possibility to
call an external automated theorem prover, as Isabelle does with Sledgehammer.

Applications of Proofs Assistants

Formal proofs and proof assistants are used to show mathematical results and to certify
programs. We highlight four pioneering works, about graph coloring, sphere packing,
metro driving, and code compilation. They illustrate the need to formalize proofs, as well
as the challenges of formalization.
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The Four Color theorem states that only four colors are sufficient to color a map
such that two adjacent regions have different colors. Two pen-and-paper proofs were
proposed, by Kempe in 1879 and by Tait in 1880. They were considered correct at that
time, but they have both been proved to be incorrect eleven years later [Tho98]. Nearly
a century after these failed attempts, Appel and Haken proposed in 1976 a new proof,
that mixes pen-and-paper arguments and hundreds of computations performed by
computer programs. These extensive computations cannot be reasonably checked by
hand, which raised controversy about the correctness of the proof. In 2004, Gonthier
formalized a proof of the Four Color theorem in the Rocq proof assistant [Gon08]. All
the logical steps of the proof were checked by Rocq, leading to a high level of confidence
in the proof.

The Kepler conjecture states that the maximum density when packing spheres in
three dimensions is 0.74. In 1953, Fejes Toth gave a proof strategy that required a large
number of computations, and he suggested solving the problem using computers. In
1998, Ferguson and Hales proved the Kepler conjecture. Their proof mixes hundreds of
pages of pen-and-paper arguments and thousands of computations performed by
computer programs. The proof was published in 2006, after years of difficult reviewing
and without checking the entire proof. In 2003, Hales launched the Flyspeck project,
which resulted in a formal proof of the Kepler conjecture in 2014 [HAB'17]. The proof
used two proof assistants, HOL Light and Isabelle.

Formal proofs are also used in the industry in order to verify safety-critical systems.
In the railway sector, several metro lines are fully automated and operated without
human drivers, leading to safety concerns. The programs that run the automatic
driverless trains need to be free of bugs, and must respect some specification, for
example the impossibility of collision between two trains. Those safety requirements are
addressed using formal proofs. One of the prominent examples is the Paris metro
line 14, which has been developed using the B method [BKK'20].

Formally verifying a program is not enough, as the compilation phase may also go
wrong: a correct source program can be compiled into an incorrect executable code. As
a case in point, several bugs were found in C compilers [ER08, YCER11], and such
miscompilation issues may jeopardize safety-critical systems running on C. This led to
the development of CompCert C [Ler09, LBK'16], a formally verified optimizing compiler
for a large subset of C, based on Rocq. It ensures that a correct source program is
compiled into a correct executable code. The project, started in 2005, has been
commercially available since 2015, and received the 2021 ACM Software System Award.

The Landscape of Formal Proofs

When formalizing a proof, we have a number of technical decisions to make, and many
different options are available.

— We must reason inside a logic. Many logics have been defined, depending on their
axioms (classical logic, intuitionistic logic, minimal logic), on the connectives they
consider (propositional logic, modal logic, linear logic, infinitary logic), or on the
expressive power of their quantifiers (first-order logic, higher-order logic).

— We must build the formal proof using the inference rules of a proof calculus.
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Common proof calculus are Hilbert-style systems, natural deduction or sequent
calculus (with or without cuts).

— We may express our results using the data structures of a theory, such as natural
numbers, integers, sets, or graphs. For a same theory, we may choose between
different data representations. For instance, natural numbers can be represented
by Peano's natural numbers or by binary natural numbers. Peano's natural
numbers are more adapted to human reasoning, while binary natural numbers
allow fast computations.

— We may implement the formalization inside a proof assistant. They all have their
own syntax, but also their own logical foundations, such as Martin-L6f Type
Theory [ML84] or the Calculus of (Inductive) Constructions [CH88, PM93].

This large variety of formalization choices—at the level of logics, proof calculi, data
structures, data representations and proof assistants—raises theoretical questions as
well as practical challenges.

The Interrelation Challenge

On the theoretical side, we want to determine to what extent the choice of a specific
setting affects the validity of the proof we are formalizing. In other words, we are
interested in the interrelation between the different logics, proof calculi, data
structures, data representations, and foundations of proof assistants. Different relations
may be established between two settings: they may be equivalent, one may be an
extension of the other, one may be embedded into the other, etc. For example, natural
deduction and sequent calculus are equivalent, higher-order logic extends first-order
logic, and classical logic can be embedded into intuitionistic logic.

Understanding the relations between two settings is typically achieved by
establishing translations between them, therefore allowing the exchange of proofs. For
instance, Peano’s natural numbers and binary natural numbers are two equivalent data
representations, and such relation can be used to translate the arithmetic library of
Rocq from the former representation to the latter [MB02, Mag03].

The Interoperability Challenge

On the practical side, we are interested in the interoperability between proof assistants,
that is the ability to exchange proofs across different systems. In addition to having
different syntaxes and logical foundations, proof assistants may also federate different
communities, that develop and maintain numerous libraries of formal proofs. When
large libraries of proofs are available in a given system, they cannot be directly re-used
in other proof systems, and we have to do the formalization again—which is often
cumbersome. In the same way, when a proof system is not maintained anymore, all the
results formalized in it become unusable. Interoperability between proof systems
therefore allows the re-usability of proof libraries.

Moreover, like any other program, proof assistants may contain errors, raising doubt
about their reliability. One solution to this problem is to certify the proof assistants
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themselves. For instance, the MetaRocq project [SABT20] aims at formalizing Rocq in
Rocq. Alternatively, interoperability between proof systems allows the cross-checking of
formal proofs by different systems, therefore strengthening the confidence we have in
computer-verified proofs.

This Thesis

The goal of this thesis is to deepen the understanding, the design and the analysis of the
translations of formal proofs. We investigate the topic both theoretically and practically,
strengthening the interrelations and interoperability between proof systems. This thesis
presents two main research axes, unified by this common thread.

The motivation, goals and contributions of each part will be detailed in their own
introductory chapters (Chapters 2 and 7). They will be followed by preliminary chapters
(Chapters 3 and 8). We briefly present here the main contributions of this manuscript.

In Part |, we study translations between logics. In particular, we focus on higher-order
classical logic, higher-order intuitionistic logic and higher-order minimal logic.

In Chapter 4, we extend double-negation translations to higher-order logic, and we
show that straightforward properties about them in first-order logic do not hold anymore
in higher-order logic.

Moreover, in Chapter 5, we define a more general translation, parameterized by
monad operators, that can be instantiated to translate higher-order classical logic into
intuitionistic logic, or higher-order intuitionistic logic into minimal logic, depending on
the chosen monad operator. This translation also allows us to show that higher-order
coherent formulas correspond to a constructive fragment. In particular, we extend
Barr's theorem to higher-order coherent formulas.

Finally, in Chapter 6, we define and investigate a higher-order infinitary logic, that
features higher-order quantifiers, infinite conjunctions and infinite disjunctions. We
investigate this logic at both the syntactic and semantic level. In particular, we extend
Barr's theorem to higher-order geometric formulas.

In Part Il, we study translations between theories. In particular, we focus on theories of
the AIl-calculus modulo rewriting, a logical framework with rewriting, and its
implementation Dedukti.

As a case study in Chapter 9, we extend a double-negation translation from higher-
order logic to theories encoded in higher-order logic in the All-calculus modulo rewriting.
We develop a tool that implements such a translation in Dedukti.

Furthermore, in Chapter 10, we extend two translation templates to the All-calculus
modulo rewriting, namely theory morphisms and logical relations. These translation
templates can be instantiated to generate various translations between theories. Their
correctness is guaranteed, provided that the parameters supplied by the users are
correct. We analyze the advantages and drawbacks of rewriting for applying such
translation templates. In particular, we apply theory morphisms to formalize a
translation from a typed logic to an untyped logic. We develop a tool that implements
these translation templates in Dedukti.
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This thesis work resulted in the following papers, on which this manuscript is based:

1. Kuroda’s Translation for Higher-Order Logic. Thomas Traversié. To appear in
The Journal of Symbolic Logic, 2026. [Tra26]

2. Monad Translations for Higher-Order Logic. Thomas Traversié. In proceedings of
the 70th International Conference on Formal Structures for Computation and Deduction
(FSCD 2025). [Tra25]

3. Kuroda’'s Translation for the \II-Calculus Modulo Theory and Dedukti.
Thomas Traversié. In proceedings of the Workshop on Logical Frameworks and
Meta-Languages: Theory and Practice (LFMTP 2024). [Tra24a]

4. Investigations on Higher-Order Logic. Thomas Traversié, Olivier Hermant and
Marc Aiguier. In proceedings of the 77th International Conference on Formal
Structures for Computation and Deduction (FSCD 2026). [THA26]

5. Proofs for Free in the M\lI-Calculus Modulo Theory. Thomas Traversié. In
proceedings of the Workshop on Logical Frameworks and Meta-Languages: Theory
and Practice (LFMTP 2024). [Tra24b]

6. Formalizing Representation Theorems for a Logical Framework with
Rewriting. Thomas Traversié and Florian Rabe. Under review at ACM Transactions
on Computational Logic, 2025. [TR25]

We have developed the following tools:

1. Construkti, which translates Dedukti proofs from higher-order classical logic to
higher-order intuitionistic logic.

https://github.com/Deducteam/Construkti

2. TranslationTemplates, which implements generic translations between Dedukti
theories that can be instantiated by the user.

https://github.com/Deducteam/TranslationTemplates
We present in Figure 1.1 an overview of the main contributions of each chapter, along

with the paper it is adapted from. For clarity, the introductory chapters (Chapters 1, 2
and 7) and the concluding chapter (Chapter 11) are omitted.


https://github.com/Deducteam/Construkti
https://github.com/Deducteam/TranslationTemplates
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Chapter 2

Introduction of Part |

Classical Logic, Intuitionistic Logic and Minimal Logic

In the 20th century, the Brouwer-Hilbert controversy questioned the foundations of
mathematical logic and reasoning, and in particular the validity of the principle of
excluded middle.

AV -A (principle of excluded middle)

This principle states that any proposition is either true or its negation is true. In other
words, any proposition is either true or false.

On the one hand, Brouwer defended the idea that the existence of mathematical
objects should only be proved by explicitly building them. This constructive aspect is
specified by the disjunction property and the witness property. The disjunction property
states that if A vV B holds, then we know which of A and B holds. The witness property
states that if 3z.A holds, then we can exhibit such an x. When using the principle of
excluded middle, proofs are not constructive: A vV —A holds, but we do not know which
of A or —A is true. Brouwer consequently rejected the principle of excluded middle.

On the other hand, Hilbert [Hil27] considered the principle of excluded middle as a
crucial axiom, leading him to criticize constructivism:

“Taking the principle of excluded middle from the mathematician would be the same, say, as
proscribing the telescope to the astronomer or to the boxer the use of his fists. To prohibit
existence statements and the principle of excluded middle is tantamount to relinquishing the
science of mathematics altogether.”

The principle of excluded middle is indeed a keystone tool for mathematicians. It is
equivalent to the double negation elimination, which states that any proposition is true
if the negation of its negation is true.

—A=A (double-negation elimination)

It is also equivalent to the principle of proof by contradiction, which states that a
proposition is true if its negation entails a contradiction.

(FA=1)=A (proof by contradiction)

25
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The divergences between Brouwer and Hilbert led to the formalization of two different
logics: classical logic—which admits the principle of excluded middle—and intuitionistic
logic—which does not. Intuitionistic logic is constructive, as it satisfies the disjunction
property and the witness property.

The idea of constructivism can be pushed further by rejecting the principle of
explosion, which states that any formula can be derived from a contradiction.

1=A (principle of explosion)

Johansson developed minimal logic, which rejects both the principle of excluded middle
and the principle of explosion.

Relation between Logics

Classical logic extends intuitionistic logic, which itself extends minimal logic. It follows
that provability in minimal logic entails provability in intuitionistic logic, which itself entails
provability in classical logic. The reverse is however not true. A challenging problem is to
investigate when it is possible to shift classical provability to intuitionistic provability, and
intuitionistic provability to minimal provability.

One approach is to turn classical proofs into intuitionistic proofs without modifying
the proven statement. This is called the constructivization of proofs. Such a process is
not possible for any formula, but we can study particular fragments of logics that can be
constructivized. For example, coherent formulas are formulas that can only be built
using conjunctions, disjunctions, and existential quantifiers. Classical provability entails
intuitionistic provability for coherent formulas [Neg03]. Geometric formulas are an
extension of coherent formulas with infinite disjunctions. Following Barr's
theorem [Bar74], classical provability entails intuitionistic provability for geometric
formulas [Neg21, Rat16].

Another approach is to define embeddings between logics. This technique translates
any proof from one logic to another, but in doing so it modifies the proven statement.
Many different translations have been proposed over the past century, using double
negations [Gli28, Kol25, G633, Gen36, Kur51, Kri90, Avi06] or various other
operators [PM68, Fri78, AczO01, EO12, vdB19]. They embed classical logic into
intuitionistic logic [Gli28, Kur51], intuitionistic logic into minimal logic [PM68], or directly
classical logic into minimal logic [Kol25, G633, Gen36].

All those results have been established for propositional logic—in which there are no
quantifiers—or for first-order logic—in which the quantifiers range over individual
objects. In higher-order logic, the quantifiers not only range over individual objects, but
also abstract over functions, relations, predicates and propositions. This results in an
expressive logic, well-suited for formalizing mathematics. Apart from [BR14], that
partially embedded higher-order classical logic into intuitionistic logic, the connections
between higher-order classical logic, higher-order intuitionistic logic and higher-order
minimal logic remain uncharted territory.
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Related Work: Ecumenical Logic

The logical connectives and quantifiers do not have the same behavior in classical logic
and in intuitionistic logic. Dowek [Dow15] and Prawitz [Pra15] developed the idea that,
instead of defining distinct logics, we should define distinct connectives and
quantifiers—one version that corresponds to classical logic and one version that
corresponds to intuitionistic logic.

This idea gave rise to ecumenical logic [PR17, PPdP18, PPdP19, PP23, Gri25], a logic
in which classical and intuitionistic connectives and quantifiers coexist. In other words,
formulas can contain both classical and intuitionistic symbols. The principle of excluded
middle hols with the classical connectives, but does not with their intuitionistic version.
A formula that only contains classical (respectively intuitionistic) symbols is provable in
ecumenical logic if and only if it is provable in classical (respectively intuitionistic) logic.

Ecumenical logic is deeply related to double-negation translations. Dowek’s classical
connectives and quantifiers [Dow15] are directly defined as double negations of the
intuitionistic ones. Prawitz's ecumenical system [Pra15] has been used to revisit
Glivenko's theorem in [PBNP26] and has been related to the Godel-Gentzen translation
in [PPdP25].

While double-negation translations embed classical logic into intuitionistic logic by
systematically inserting double negations, ecumenical logic offers more flexibility—we
can precisely pinpoint where classical features are necessary.

Contributions of Part |

In Part I, our goal is to explore the connections between higher-order classical logic,
higher-order intuitionistic logic, and higher-order minimal logic.

In Chapter 3, we present the preliminaries to address Part I. We give an overview of the
existing double-negation translations for propositional logic and first-order logic. We
recall the syntax and inference rules of higher-order logic.

In Chapter 4, we extend Kuroda's translation so that it embeds higher-order classical
logic into higher-order intuitionistic logic. We show that some properties satisfied by the
translation in first-order logic do not hold in higher-order logic, and we investigate
several conditions under which they hold. Furthermore, we show that Kolmogorov's
translation can be extended to higher-order logic following the same line, provided a
small reformulation.

In Chapter 5, we generalize Kuroda’'s translation so that it inserts monad operators
instead of double negations. Depending on the chosen monad operator, the translation
embeds higher-order classical logic into higher-order intuitionistic logic, or higher-order
intuitionistic logic into higher-order minimal logic. Moreover, we identify a constructive
fragment of higher-order logic: for such formulas, we can transform a classical proof
into an intuitionistic proof without modifying the proven statement. We prove Barr's
theorem for higher-order coherent formulas.
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In Chapter 6, we define an higher-order infinitary logic, that features higher-order
quantifiers, infinite conjunctions and infinite disjunctions. We study the semantics of this
logic, and prove the cut-elimination theorem. Building on the monad translation of
Chapter 5, we extend Barr's theorem to higher-order geometric formulas.



Chapter 3

Preliminaries: Logics and
Double Negations

In this chapter, we present the necessary preliminaries to apprehend Part I.
We recall the basic knowledge about propositional logic, first-order logic and
higher-order logic. We describe the important role that double negations play in
intuitionistic logic, and we detail the standard double-negation translations.

3.1 Propositional and First-Order Logics

We recall the syntax and inference rules of propositional logic and first-order logic.

3.1.1 Propositional Logic

Formulas in propositional logic are built using propositional variables, implication =,
conjunction A, disjunction v and contradiction L.

Definition 3.1: Propositional Logic
Formulas in propositional logic are inductively defined by:
AB:=p|A=B|AANB|AVB|Ll

where p is a propositional variable.

Negation —, biconditional < and tautology T are definable from these previous
connectives:

—-A = A= 1
A< B = (A= B)AN(B=A4)
T = 1l=1

Example 3.2 (Graph coloring). LetG = (V, £) agraph with 'V the set of verticesand £ C V' xV
the set of edges. We want to color the graph with 4 colors so that two neighbors have different

29
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colors. For everyv € V and i € [1,4], we declare the propositional variable p, ; stating that v
has color i. The problem is modeled thanks to the following constraints:

— each vertex has at least one color: for every v € V,
Du,1V Pv2VDPy3VDyd
— each vertex has at most one color: for everyv € V and i # j € [1,4],
=(Pv,i A Puj)
— two neighbors have different colors: for every (u,v) € £ and i € [1,4],
(Puyi A Posi)
The Four Color theorem ensures that it is possible to find such a coloring.

Contexts I' are finite sequences of formulas. In natural deduction, judgments are of
the form I' - A, where A is a formula and I" a context. We write = A when the context is
empty. Inference rules

M HA, ... T,FA,
TFA

specify that the judgment I' A can be deduced from the judgments
I+ A,...,I'y F A, The judgment I = A is provable when it can be obtained using the
allowed inference rules. The formula A is provable when the judgment - A is provable.
The natural deduction rules for propositional logic are presented in Figure 3.1. Each
connective is associated to introduction rules and elimination rules. The rule Bot-E
corresponds to the principle of explosion. The rule PEM corresponds to the principle of
excluded middle. We consider three variants of propositional logic: classical logic CL
allows all these rules, intuitionistic logic IL rules out PEM, and minimal logic ML rules out
PEM and Bot-E. We write ' - A when T' - A is provable in the logic L € {CL, IL, ML}.

Example 3.3. The conjunction is commutative.

Ax Ax
AANBFu ANB ANBFu  ANB
ML ML And-EL

AANBbEy B And-ER A/\B"MLAAdI
ANBFw BAA na-
FmL (A/\B):>(B/\A)

Imp-1

Apart from the inference rules of Figure 3.1, it is also possible to show that some
inference rules are admissible. We say that the inference rule
' kFA e I+ A,
r-A

is admissible when I" - A is provable if all the premises I'; - A; are provable. The natural
deduction rules for tautology, negation and biconditional are admissible in minimal logic.

T,AF L I'--4 TFA
7~ Not Not-E
IF-A Tk L
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AXx
AAEFA
I'NAFB '-A=1D r-A
Imp-I Imp-E
'-A=1B I'-B
r-A I'-B 'FAAB 'AAB
And-I And-EL And-ER
'-AAB r-A I'-B
r r
Or-IL Or-IR
'-AvVB '-AvB
'-AvVB AFC I''BEC
Or-E
r-c
'-_L1
Bot-E —  PEM
r-A '-Av-A

Figure 3.1: Natural deduction rules for propositional logic.

The inference rules Not-l and Not-E are direct use of Imp-I and Imp-E.

Structural rules are inference rules that are not related to a specific logical connective,
like the rules of Figure 3.1. For instance, the weakening rule Weak inserts an hypothesis in
the context, the contraction rule Contr removes a formula from the context if it appears
two consecutive times, and the exchange rule Exch exchanges two consecutive formulas
in the context.

I,AFB I A, A AFB T A, B,AFC
— Weak — Contr —— Exch
LA, AFB A, AFB T,B,A,AFC

These three structural rules are admissible in propositional logic.

3.1.2 First-Order Logic

First-order logic extends propositional logic with the universal quantifier V and the
existential quantifier 3. These quantifiers range over terms, that are built using variables
and function symbols. Formulas are built using connectives, quantifiers, and predicate
symbols applied to terms.
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Definition 3.4: First-Order Logic

Terms in first-order logic are inductively defined by:
tiy ..oy tpu=x|c| f(tr,..., tn)

where x is a variable, cis a constant and f is a n-ary function symbol.
Formulas in first-order logic are inductively defined by:

A, B = P(t1,...,tn) | A= B|AANB|AVB|Ll|Vz.A|3z.A

where P is a n-ary predicate symbol.

Atomic formulas are formulas of the form P(tq,...,ty).

Example 3.5 (Equality). The equality relation = is defined by a binary predicate that satisfies
the reflexivity axiom
Ve.x =z

and Leibniz’s law (also called substitution property): for any formula ©(x), we have

VeVy. (z =y) = (e(x) = ¢(y))

In particular, Leibniz’s law is not an axiom, but a axiom schema, as we cannot quantify over
the formula p(x) in first-order logic.

Example 3.6 (Natural numbers). Natural numbers can be axiomatized in first-order logic
using the Peano axioms. We take the constant 0 and the unary function succ, called successor
function. The natural number 0 is not the successor of a natural number:

Va. —(succ(x) = 0)
Two natural numbers that have the same successors are equal.
Va.Vy. (succ(z) =succ(y)) =z =y

The induction principle on natural numbers is expressed using the following axiom schema, for
any formula p(x):

(@(0) A (V:B. o(r) = go(succ(:z:)))) = Va.p(z)

This is an axiom schema and not only an axiom, as we cannot quantify over the formula ¢ in
first-order logic.

A free variable is a variable that is not bound by a quantifier. We write fv(A44,...,A,,)
for the free variables occurring in the formulas A;,..., A,. We write A[z < t] for the
formula A in which the free occurrences of x have been substituted by the term ¢
(possibly renaming the bound variables of A to avoid capturing free variables). The
natural deduction rules for first-order logic are those of propositional logic (Figure 3.1)
along with those for the quantifiers (Figure 3.2).

As for propositional logic, we distinguish versions for classical logic, intuitionistic
logic and minimal logic, depending on the PEM and Bot-E rules. The structural rules are
admissible in first-order logic.
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A  z¢fv(l) 'FVvz.A
All-1 —  All-E
TF vz TF Alz  {]
FI—A[x<—t]E I 'F3z.A T,ARC x@?fV(F,C)E c
TFazd TFC *

Figure 3.2: Natural deduction rules for the quantifiers.

3.2 Classical, Intuitionistic and Minimal Logics

Classical logic admits the double-negation elimination -—A = A, while intuitionistic logic
does not. In particular, in intuitionistic logic, a formula A and its double negation -—A are
not necessarily equivalent. The behavior of double negations is therefore at the core of
the distinction between classical logic and intuitionistic logic.

3.2.1 The Role of Double Negations

The following properties specify the relation between negation and the logical
connectives. They hold in propositional logic and first-order logic.

Proposition 3.7

Let A and B be formulas.
1. kML A= A
2. FyL A& -A

FmL == (A = B) = (-—A = ——B)

= @

FiL (-=A = ==B) = -~(A = B)
5. FmL == (A A B) & (-=A A ~-B)

6. FmL ﬁ(A \Y B) = (—\A N —\B)

Proof. See for example [TvD88, Chapter 2] or [DNRO4, Chapter 4]. O
We also specify the relation between negation and the first-order quantifiers.
Proposition 3.8
Let A and B be formulas.

1. Fue (7—Vz.A) = (Vz.——A)
2. Fu (432.4) & (Vz.—A)
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Proof. See for example [TvD88, Chapter 2] or [DNR04, Chapter 4]. O

The principle of excluded middle does not hold in intuitionistic logic. However, its
double negation hold in intuitionistic logic—and even in minimal logic.

Proposition 3.9

Let A be a formula. We have -y ——(A V —A).

Proof. The following proof only uses the rules of minimal logic.

S(AV-A),AFa ™

AV A, AF ~(Av-A) ™ SAv-d), A Avoa Ot
“(AV -A),AF L Not-E
“(AV Ay -4 Notd
AV A F ~(Av -4y ™ AV A Av-a OrR
AV A F L Not-E
F (A ~A) Not-I|
O

It follows that double negations are particularly interesting when translating proofs
from classical logic to intuitionistic logic.

3.2.2 The Standard Double-Negation Translations

For any translation on formulas A — A*, and whenever I' is the context A4,..., A,, we
write I'* for the context A7, ..., A7.

Definition 3.10: Embedding of Classical Logic into Intuitionistic Logic

Translations A — A* embed classical logic into intuitionistic logic when they satisfy
two properties:

(i) ifI" ¢ AthenI'™ . A* (soundness),

(ii) FcL A* & A (characterization).

Both properties [TvD88, Gas13] are essential to fully characterize translations that
embed classical logic into intuitionistic logic. The soundness property ensures that
judgments are translated from classical logic to intuitionistic logic. The characterization
property ensures that the meaning of formulas is preserved by the translation—this is
captured by checking that A and A* are equivalent in classical logic. The characterization
property is sometimes replaced [TvD88, FO12b] by:

(iii) if I'™* . A* then T’ ¢ A (reverse translation).
The reverse translation property ensures that if a translated judgment is provable in

intuitionistic logic, then the original judgment is provable in classical logic. It is a
consequence of the characterization property.
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A standard way to embed classical logic into intuitionistic logic is to resort to
double-negation translations, that are translations that insert double negations inside
formulas. The most basic double-negation translation is Glivenko's translation [Gli28] for
propositional logic. It only inserts a double negation in front of formulas. Whenever T is
the context Ay, ..., A,, we write ——TI" for the context -—A1,...,—A,.

Theorem 3.11: Glivenko’s Theorem

Let A be a formula and I' be a context in propositional logic. If I' k¢ A then
_‘_‘F l_||_ _‘_‘A.

Proof. Byinduction on the derivation, using Proposition 3.7. Glivenko's theorem is a direct
consequence of Theorem 3.19, that we will prove in detail below. O

For first-order logic, Glivenko's translation does not apply anymore, and we have to
insert double negations at various places in the formulas. Several such translations have
been proposed. We present here the three main ones: Kolmogorov's translation [Kol25],
the Godel-Gentzen translation [G633, Gen36] and Kuroda'’s translation [Kur51].

KolmogoroV's translation [Kol25] inserts double negations in front of every subformula.

Definition 3.12: Kolmogorov’'s Translation

Kolmogorov's translation A — A*° is defined by induction:

(A= B)® = (A = Bho)

(AAB)e = (A A BR)

(AVB) = —=(dke v Bv)

Ako = A if Ais atomic or L
(Vz.A)ke = —-vyg.Ake

(3z.A)ke = —-Tg.Ake,

Some of those double negations are not necessary to embed classical logic into
intuitionistic logic. The Gdodel-Gentzen translation [G633, Gen36] refines Kolmogorov's
translation, only inserting double negations in front of disjunctions, existential
quantifiers and atomic formulas.

Definition 3.13: Godel-Gentzen Translation

The Godel-Gentzen translation A — A8 is defined by induction:

(A= B)8& := AsE= pee

(ANB)8 = A8\ Bse

(AV B)® = ——(AS8V B%)

Agg = A if Aisatomicor L
(V. A)sE = Vzg.AS%8

(Jz.A)88 = ——Jx.A88.

Remark 3.14. The Gédel-Gentzen translation is sometimes defined with

(AV B)g8 = —(—A88 A —~BEE)
(Jz.A)88 = —Vx.—AS8
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Both presentations are equivalent, due to Proposition 3.7(6) and Proposition 3.8(2).

Alternatively, Kuroda's translation [Kur51] extends Glivenko's approach to first-order
logic. It inserts double negations in front of formulas, and additionally inserts double
negations after universal quantifiers. This results in a two-step translation.

Definition 3.15: Kuroda’s Translation

Kuroda’s translation A — AKY is defined by A" = ——A,,, where A — Ay, is defined
by induction:

(A = B)ku = A = By

(A VAN B)ku = Apu N By

(A \ B)ku = Aku Vv Bku

Al = A if Aisatomicor L
(V. A)ky = Vo.——A

(Fz. Ay = dz.Ay,.

Example 3.16. The double-negation translations of A := Vz.(P(x) = Jy.(R(z,y) A P(y)))
are:

Ak = Vg —(==P(x) = (-—Fy.~—(——R(z,y) A =—P(y))))
A8 = Vx.(-=P(z)= (=~Jy.(m=R(x,y) A ==P(y))))
A= Wz (P(z) = (Jy.(R(z,y) A P(y))))

Kolmogorov's translation is always the one that inserts the most double negations. In general,
Kuroda’s translation is the most lightweight translation.

As we are in first-order logic, substitutions are used in the natural deduction rules of
the quantifiers. The translations commute with substitution.

Lemma 3.17. For x € {ko, gg, ku}, we have (A[x < t])* = A*[x + t].

Proof. Let us detail the case for Kuroda's translation. First, we prove (Alz «+ t])x, =
Aku[z < t] by induction on the formula A.

— If Ais atomic or L, we directly have (A[x < t])ky = Agulz < t].
— Ifoe {=,A,V}, wehave

(Ao B)[x + t)ky = (Alz «t] o B[z + t])ky
= (A[J} A t])ku © (B[.%’ A t])ku
= Ayy[x + t] o Byl + ] by induction hypotheses
= (Ay, © Byy)[z + t]
= (Ao B)gylz 1]

— For the universal quantifier, we have

(Vz.A)[x « thaw = (V2. Az + t])ky
=Vz.m(A[z < 1))k
=Vz.m— Az < t] by induction hypothesis
= (V2.7 Aw) [z + 1]
= (Vz.A)wulz + 1]

The case for the existential quantifier is treated similarly.
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Then we get (Alz + ¢ = ——(Alz + ) = —(Awlz < 1) = (-~Aw)[z + t] =
ARz 1]

For Kolmogorov's translation and the Godel-Gentzen translation, we directly prove
(A[z < t])* = A*[x < t] by induction on the formula A. O

Kolmogorov's translation, the Gddel-Gentzen translation and Kuroda’s translation
satisfy both the soundness property and the characterization property. We can actually
go further and refine the soundness property in two different ways.

First, Kolmogorov's translation and the Godel-Gentzen translation not only embed
classical logic into intuitionistic logic, but also in minimal logic.

Theorem 3.18
Let I', A be first-order formulas. Let x € {ko, gg}.
1. IfT '_CL AthenT™* '_ML A*.

2. We have ¢ A* & A.

Proof. See for example [TvD88, Chapter 2] or [DNRO4, Chapter 4]. O

Second, the double negations added by Kuroda's translation in front of the formulas
in the context can be dropped from the statement of the soundness property. In other
words, we state the soundness property with Ty, instead of Tk, hence introducing less
double negations. The version with ' is provable as well.

Theorem 3.19
LetI', A be first-order formulas.
1. IfT l_CL A then Fku |—||_ Aku.

2. We have ¢ AX < A.

Proof of Theorem 3.19(1). By induction on the derivation.

— Ax: Using Ax, we get T'vy, Akus Ay Fit Aky. We conclude Ty, Ay, Aww Fie AKY using
Proposition 3.7(1).

— Imp-I: By induction hypothesis, we have T'y,, Ak, FiL == Bky. Using Imp-I, we get

'y FiL Aky = 7B, We successively use Proposition 3.7(1) to get
Iy Fit = (Axy = ——Byy), Proposition 3.7(3) to get 'y, b = Axy = =By,
and Proposition 3.7(2) to get Iy, k)L —Akw = "B We conclude

T'vu FiL = (A = Buy) using Proposition 3.7(4).

— Imp-E: By induction hypotheses, we have T, (A = Bk,) and
Iku Fit =/ Aky. Using Proposition 3.7(3), we derive Iy, b == Ayky = = Byy. Using
Imp-E, we conclude T'y, k. 7 Byy.

— And-I: By induction hypotheses, we have T'y, k. == Ay, and [y, Fi == By,. Using
And-I, we derive I'y, b == Ak, A == By,. We conclude Ty, i == (Aky A Biy) Using
Proposition 3.7(5).
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— And-EL: By induction hypothesis, we have Ty, FiL == (Aky A Bku)- Using

Proposition 3.7(5), we derive 'y, Fj. == Aky A 7 Byy. Using And-ER, we conclude
Cky Fit @ Bkyu. We proceed similarly for And-ER.

Or-IL: By induction hypothesis, we have Iy, . == Agy.

AX
i Tiw, 7(Aky V Biy) Fie =(Agy V Biy -,
Hypothesis ku> —(Ak k) 1L —(Ak ku) Proposition 3.7(6)
T FiL 7 Ak Weak I, 7(Aku V Biw) FiL 7 Aku A = Bi And-EL
D, 7(Aku V Biw) FiL 7 Ak Ciw, 7(Aku V Bid) FiL A

Not-E
Cw, 7(Aku V Biw) FiL L

T it (A V Biy)

Not-I|

We proceed similarly for Or-IR.

Or-E: By induction hypotheses, we have TI'y, Fy ——(Aw V Bk), and
FkUaAku |—||_ _‘_‘Cku: and kaBku |—||_ ﬁ—\cku. We want to derive Fku |—||_ ﬁ—\cku.
Using Not-I, we have to prove TI'y,, =Ck, i L. We prove that contradiction using
Not-E with

Hypothesis
L FiL == (Awu V Biu)
Lvu, 7Chu FiL 7 =(Awy V Byu)
Ly, Chu FiL (= Aku A = Byy)

Weak
Proposition 3.7(6)

and with

Hypothesis
D, Ak Fit 7 —=Chu Ax
[, Cru, Aku Fit 7 Chu T, 7Cru, Ak Fi ~Cr Not-E
Tiw, 7Cha, Ak Fie L Not-| Idem
I, 7Cru it ~ Ak I, 7Ciu FiL =B

Weak

[ 7Chu FiL = Ay A = Bi And-l
Bot-E: By induction hypothesis, we have T'y, k). ——L. By weakening, we get
Iyu, =Ak, b 7L, thatis Iyo, =Ar, FiL (L = L) = 1. We derive | VA =A, bl L
using Imp-E and the tautology 1 = L. We conclude I'y, ;. == Ay, using Not-I.

All-I: By induction hypothesis, we have I'y, k). =——Ay,. We derive T'y, b Vr.~—Ag,
using All-I. Using Proposition 3.7(1), we conclude T'y, k. == Vaz.——Ay,.

All-E: By induction hypothesis, we have T, == Vz.m—Ag,. Using
Proposition 3.8(1), we derive Ty, k. Vz. =———=Ay,. Using All-E, we obtain
Dy b 7= A [z ). Thanks to Proposition 3.7(2), we get

[y FiL = Ay [z < t]. Using Lemma 3.17, we conclude Ty, by (Afz < t])kv.

Ex-I: By induction hypothesis, we have T,k (A[z « ¢k, that is
Ty FiL 7= Agu[z < t] using Lemma 3.17. We want to prove Ty, by =—3z. Ay,
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Hypothesis A
Dy FiL == Ay [z < ] Weak Lyu, Vo2 Ay FiL V.2 Ay, );\II—E
Fku,Vx.—\Aku FiL _‘_‘Aku [.Z‘ — t] I‘ku,vr-_‘Aku Fi _‘Aku [37 N t] Not-E

Fku,vw.ﬁAku |—||_ 1
Fku |—||_ —|V£L'.—|Aku
Fku |—||_ —\ﬂax.Aku

Not-I
Proposition 3.8(2)

— Ex-E: By induction hypotheses, we have T'y, k. =—3x. Ay, and Ty, Aky Fi 7 Cha-
We want to prove I'y,, . =—Cl,. Using Not-1, we have to prove I'y,, =Cy, FiL L. We
prove that contradiction using Not-E with

Hypothesis
[, Akw FiL = Chy Weak
L', 7Chu, Ay FiL 7 Chy I, 7O, Ak FiL 2O
[, 7Chuy Ak FiL L
Dw, 7Ol b1 ~ Ak
D, 7Oy 1L V.2 Ay
i, 7Cru FiL = V2.2 Ay

AX
Not-E

Not-I|
All-l
Proposition 3.7(1)

and with

Hypothesis
Pku l_lL ﬁ_‘Hl‘.14.ku
[, 7Cly i =32 Ay
[, 7Chy FiL 2V = Ay

Weak
Proposition 3.8(2)

— PEM: Using Proposition 3.9 and weakening, we get I'y, b == (Aky V 7 Aku)-
O

Remark 3.20. Unlike Kolmogorov's translation and the Gédel-Gentzen translation, Kuroda’s
translation embeds classical logic into intuitionistic logic and not into minimal logic. The only
place in the proof where Bot-E is required is when we use Proposition 3.7(4) in the Imp-I case.
Kuroda’s translation therefore embed classical logic into minimal logic for the fragment of first-
order logic that does not contain implication.

Proof of Theorem 3.19(2). We first prove ¢ Ay, < A by induction on the formula A.
— If Ais atomic or L, we directly have -¢| A < A.

— If o € {=,A,V}, we easily derive ¢ (Ax, © Bii) < (A o B) using the induction
hypotheses ¢ Ak, < A and ¢ By, < B.

— For the case of the universal quantifier, we have ¢ Ay, < A by induction
hypothesis. Therefore we derive ¢ —— Ay, < A using the double-negation
elimination of classical logic and Proposition 3.7(1). From this, we easily derive
l_CL Vl’.—'ﬂAku SV A.

— For the case of the existential quantifier, we have ¢ Ay, < A by induction
hypothesis. From this, we easily derive ¢ Jx. Ay, < Jz. A.
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We conclude ¢, AXY < A using the double-negation elimination of classical logic and
Proposition 3.7(1). O

Different techniques were developed to reduce the number of double negations
inserted by the previous translations. Boudard and Hermant [BH13] refined
Kolmogorov's translation and the Gddel-Gentzen translation by polarizing formulas.
Gilbert [Gil15] proposed a syntax-directed template of double-negation translation, that
can be instantiated to yield Kolmogorov's translation, the Gddel-Gentzen translation and
Kuroda'’s translation. In particular, he defined a minimal syntax-directed translation.

3.3 Towards Higher-Order Logic

The quantifiers of first-order logic range over terms built using constants and functions.
Higher-order logic extends first-order logic, by allowing quantifiers to abstract over
functions, predicates and propositions. It follows that higher-order logic is highly
expressive [Far08]. A standard way to treat these quantifications is to resort to Church’s
simple type theory [Chu40], also called simply typed A-calculus. We will use the term
“higher-order logic” to refer to higher-order logic modeled using simple type theory.

3.3.1 Simple Type Theory

Definition 3.21: Simple Type Theory
Types are defined inductively by:

T,ou=t]lo|T—0

where ¢ is the type of individuals and o is the type of propositions.
Terms are defined by:
tus=z|c|tul| et

where z is a variable, cis a constant, t w is an application and A\z. t is an abstraction.

Terms (¢ u) v are written ¢t u v, and types 71 — (72 — 73) are written 7, — 79 — 73.
Remark 3.22. /tis also possible to define simple type theory with multiple base types i1, . . . , Ly,

Typing contexts I" are sequences of typed variables. Typing judgments T F ¢ : 7 specify
thatthe term ¢ is of type 7 in the typing context I'. The type of the constants are declared in
asignature X. The typing rules are presented in Figure 3.3. The typing judgments ' ¢ : 7
should not be confuse with the provability judgments I' - A.

We write fv(t1,...,t,) for the free variables occurring in the terms ¢;,...,¢,. While
free variables are defined relatively to the quantifiers in first-order logic, they are defined
relatively to the A-abstractions in higher-order logic. We write t[x «+ u] for the term ¢ in
which the free occurrences of = have been substituted by u (possibly renaming bound
variables of ¢ to avoid capturing free variables).

Computation is introduced in this A-calculus through the g-reduction rule

(Az. t) u — tlx + ul.
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c:TEX x:1el x:okt:T
— Const — Var Abs
'ke: 7 I'tFax:7 I'EX.t:o— 1

'Ftio—T1 I'Fu:o
'Ftu:T

App

Figure 3.3: Typing rules of simple type theory.

Definition 3.23: 5-Reduction and 5-Conversion
The B-reduction relation < is the smallest relation such that:
— (Az. t) u =gtz  ul.
— Ift sgt'thentu —gt' wandut —gut and A\z. t =g Az. t'.

The relation <7 is the reflexive and transitive closure of — 3. The relation =4 is the
reflexive, symmetric and transitive closure of <.

Example 3.24. We have c u ((Az. z) v) =g cuvand c ((A\z. z) u) v =g c u v. Therefore
cu ((Az. 2) v) =g ¢ ((Az. 2) u) v. We have (Az. Ay. cz y) u ((Az. z) v) = cuw.

Substitution and the g-reduction relation preserve typing.
Lemma 3.25 (Substitution). IfT,z:obt:7andT'Fwu: o, thenT  t[x < u] : 7.
Proof. By inductiononl',z:okt¢:T. O
Lemma 3.26 (Subject Reduction). IfT'-t¢:7andt —gu, thenl' Fw : 7.

Proof. By induction ont < g u. For the g-reduction rule, we use Lemma 3.25. 0O

We now briefly introduce two major properties satisfied by the -reduction relation,
namely strong normalization and confluence.

Definition 3.27: Strong Normalization

A term is in g-normal form when no g-reduction is possible. A term strongly
normalizes (or terminates) when there are no infinite reduction from it.

In simple type theory, the g-reduction relation is strongly normalizing.
Lemma 3.28. Every typed term has a 3-normal form.

Proof. See the reducibility technique [Tai67, Gir72]. O
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Definition 3.29: Confluence

The S-reduction relation is confluent when, for any terms ¢, u; and wy, if ¢ <—>; U1
andt <—>/’§ ug then there exists some term v such that u; <—>}§ v and ug c—% .

In other words, confluence states that the order in which we apply the g-reductions
does not matter, as we can always find a common reduct.

Lemma 3.30. The g-reduction relation is confluent.
Proof. See the parallel reduction technique [Bar84, Chapter 3]. 0O

Example 3.31. The term ¢ ((Az. z) u) ((Az. z) v) B-reduces to ¢ u ((Az. z) v) but also to
¢ ((Az. z) u) v. Both ¢ u ((Az. z) v) and ¢ ((Az. z) u) v S-reduce to ¢ u v.

Additionally, itis possible to consider n-conversion: Az. t x =, t whenever x is not free
in . Intuitively, it states that there is no difference between the abstraction A\z. ¢t = and t.
n-conversion can be generated by the n-contraction rule Ax. t x < ¢ or the n-expansion
rule t < Ax. t x.

Definition 3.32: n-Reduction and 57-Conversion

The fBn-reduction relation < g, is defined like <3, with an additional case for
n-contraction:
Az.t x — t, where zis not freein ¢

The relation =g, is the reflexive, symmetric and transitive closure of —g,,.

We use the subscript 5(n) to indicate that either variant can be used if that variant is
globally fixed.

Lemma 3.33. The conversion =g, s a congruence relation.

Proof. Let us prove the following case: if t =g,y t' and u =g,y v/, thent u =g;)» t' v\
We easily prove by induction ont =g, t' thatt =g, t’ entails t u =g, t' u. Similarly, we
prove by induction on u =g, v’ that u =g, v’ entails t' u =g,y t' v’. The combination
of the two results achieves the case. The other cases are proved similarly. O

3.3.2 Higher-Order Logic

Higher-order logic is introduced thanks to particular constants that define the logical
connectives and quantifiers. There are contradiction L of type o and implication =,
conjunction A and disjunction Vv of type o — o — o. For every type 7, there are
quantifiers that range over terms of type 7: the universal quantifier V. and the
existential quantifier 3, of type (r — o) — o. For convenience, terms of the form
Vr (Az. A) and 3; (Az. A) are abbreviated as Vz.A and Jz.A. Again, negation is defined
by —A := A= 1, the logical biconditional < is defined by A< B := (A= B) A (B=A),
and tautology is defined by T := 1 = L. Formulas are terms of type o.

Higher-order logic is particularly helpful for encoding the axiom schemas of
Example 3.5 and Example 3.6 directly as axioms in higher-order logic.
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Example 3.34 (Equality). We set the constant = of type . — + — o. Leibniz’s law is directly
expressible using the higher-order axiom

VPNzNy. (x =y)= (Pxz= Py)
while it requires an axiom schema in first-order logic.

Example 3.35 (Natural numbers). We set the constant 0 of type « and the constant succ of
type . — 1. The induction principle is directly expressible using the higher-order axiom

VP. <P 0A (Vz. Pz = P (succ x))) =Vz. Pz
while it requires an axiom schema in first-order logic.

The natural deduction rules for higher-order logic are those of propositional logic
(Figure 3.1) along with the rules of Figure 3.4. The Conv rule allows terms to be
considered modulo the 3(n)-conversion. Note that the Conv rule implicitly requires that
B is of type o. The rules for the higher-order quantifiers are more general than the rules
for the first-order quantifiers.

I'EPx x%fv(I‘,P) 'Y P
All-1 — All-E
v P I'EPt
I'EPt I'E3aP I'PxHA x@éfv(F,P,A)
—— Ex-| Ex-E
I'E3aP 'K A
I'FA A= B
B(n) Conv
I'B

Figure 3.4: Natural deduction rules for the higher-order quantifiers and for
conversion.

We distinguish versions for classical logic, intuitionistic logic and minimal logic,
depending on the PEM and Bot-E rules.

Propositions 3.7 and 3.9 also hold in higher-order logic, and their proofs remain
unchanged. Proposition 3.8 can be simply refined using the higher-order quantifiers.

Proposition 3.36
Let P be a predicate.
1. l_ML -V P = Vl’.—\—'(P l’)

2. Fme 3 P<:>V.T_\<P 1‘)
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3.3.3 Extensions with Equality and Extensionality

In Example 3.34, we defined an equality between terms of type . We can also define, for
every type 7, an equality symbol =, of type 7 — 7 — o. The symbols are infix, and we
write ¢ = u when there is no ambiguity on the type 7. Equality is included in the logic
using the natural deduction rules given in Figure 3.5. The introduction rule of equality
Eqg-l is reflexivity. The elimination rule of equality Eq-E corresponds to Leibniz's law: if
the predicate P holds for w and u = v, then the predicate P also holds for v. Functional
extensionality FunExt states that two pointwise-equal functions are equal. Propositional

extensionality PropExt states that two equivalent propositions are equal.

I'EPu I'Fu=w

— Eq-l Eq-E

l'Fu=u R 'FPuw 2

'~ = tv(I', f, '-As B
fe=gz z¢ L./ 9) FunExt ———— PropExt

'-f=g '-A=B

Figure 3.5: Natural deduction rules for equality.

GivenL € {CL,IL,ML} and * € {e, ep, ef, efp}, wewriteI' - AwhenT k| Aisderivable

with additional inference rules:
— with Eqg-l and Eg-E when e occurs in x,
— with PropExt when p occurs in x,
— with FunExt when § occurs in x.
Note that FunExt and PropExt only make sense if we have Eqg-l and Eq-E.

Example 3.37. The inverse of FunExt is admissible

Eqg-1

Py fre=fz
. Conv R
Py A fo=hz)f 'y f=g9 Eq-E
FEuy M. fo=hax)g
Py fr=gx

Conv

as well as the inverse of PropExt

'y A A
T Conv R _
L A\C. A= C) A 'y A=B
gy (MWC.A=C) B
'y A& B

Eq-E

Conv

since we easily derive I' -5, A < A.



Chapter 4

Double-Negation Translations

In this chapter, we elaborate on the work of Brown and Rizkallah [BR14]. They
extended Kuroda's double-negation translation to higher-order logic, but did not
prove the characterization property or the reverse translation property. We show
that these properties, although straightforward in first-order logic, do not hold
anymore. We prove that functional extensionality and propositional extensionality
are sufficient conditions to recover them. Furthermore, Brown and Rizkallah
showed that the translation fails in the presence of functional extensionality.
We investigate several conditions under which Kuroda’s translation works with
functional extensionality. Finally, they stated that Kolmogorov's translation
cannot be extended in a natural way to higher-order logic. We show that it is
possible to do so, using a reformulation of Komogorov's translation by Dowek and
Werner [DWO03].

This chapter is adapted from [Tra26].

To our knowledge, the only investigation on double-negation translations for
higher-order logic has been made by Brown and Rizkallah [BR14]. They showed that
Kolmogorov's translation and the Godel-Gentzen translation cannot be directly
extended to higher-order logic, as they do not preserve -conversion. For example,
(Ap. p) ¢ and g are B-convertible, but their translations are not:

q° =

—|—|q
The problem here is that the double negations are inserted twice, for the bound variable
p and for the argument q.

Brown and Rizkallah showed that Kuroda’s translation can be extended to higher-
order logic so that it translates classical proofs into intuitionistic profs. But they did not
examine the characterization property and reverse translation property. Moreover, they
looked into different forms of extensionality, and showed that the soundness property
fails in the presence of functional extensionality.

45



46 Chapter 4. Double-Negation Translations

Contributions. In this chapter, we fill these gaps and propose an in-depth
investigation of double-negation translations for higher-order logic.

First, we prove that the soundness property holds in the presence of functional
extensionality, assuming a weak form of functional extensionality. We discuss
alternative conditions, including the principle of double-negation shift.

Second, we show that the characterization property and the reverse translation
property—which are routine in first-order logic—do not necessarily hold in higher-order
logic. We identify a necessary and sufficient condition for the characterization property.
We prove that both properties hold under functional extensionality and propositional
extensionality.

Third, we show that Kolmogorov's translation can be extended to higher-order logic
using a reformulation by Dowek and Werner [DWO03], allowing us to translate higher-order
classical logic directly into higher-order minimal logic.

Outline. We extend Kuroda's translation to higher-order logic in Section 4.1. We
investigate the soundness property in Section 4.2, the characterization property in
Section 4.3, and the reverse translation property in Section 4.4. We extend Kolmogorov's
translation to higher-order logic in Section 4.5.

4.1 Kuroda's Translation for Higher-Order Logic

Kuroda's translation for first-order logic [Kur51] inserts a double negation in front of
formulas and a double negation after every universal quantifier. We express Kuroda's
translation in terms of higher-order logic.

Definition 4.1: Kuroda’s Translation for Higher-Order Logic

Let A be a formula in higher-order logic. Its Kuroda’s translation is AKY := —=—A4,,,
where Ay, is inductively defined by:

Tku = z
. ‘: { Ap. Ve.—=(pax) ife=V

ku ’ c otherwise
Az. ey = AT Ty
(t U)ku = tku Uku

While in first-order logic we have (A[z <+ w])* = AXU[z < w)], this result does not
hold anymore in higher-order logic. Indeed, w may contain universal quantifiers and may
therefore be modified by the translation. We would intuitively expect (A[z + w])* =
ARz < wkY]. Instead, we have (A[z < w])k = AX[z « wy,], because the double
negation in front of the formula is inserted after the inductive translation.

Proposition 4.2

For any terms ¢ and w, we have (t[z < w])ky = tku[z ¢ Wky]-
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Proof. By induction on the term ¢.
— Constant: (¢[z — w])ky = Cku = Cku[z — Wky] SiNce ¢ and ¢y, are closed terms.
— Variable: If z # z then (z[z = W)k = Ty = Tiu[2 — Wia)-
If z = z then (z]z = w])ky = Wky = Z[2 — W] = Tku[2z = Wky]-
— Abstraction: We have

(M. t)[z = W) = (Az. t[z = W])ky
= Az (t[z = W])ky
= Az tk[z — w] by induction hypothesis
= (Az. tk) [z — Wiy
= (Az. t)ku[z = Wky]

— Application: We have

(t[z — w] ulz = w)])ky

(t]z = W]k (ulz = w]iy

= tku[z — wky] uku[z — wiy] by induction hypotheses
= (tku Uku)[z = wku]

= (t ukulz — Wk

((t W)z = W)

Corollary 4.3. For any higher-order formula A, we have (A[z + w])*" = A[z < wyy.
Proof. We have (Alz < w])ku = Aku[z < wki] by Proposition 4.2. Therefore we get
(Alz + w)K = == (A2 + W])kw = (A2 = wid]) = (A [z + Wi O

Higher-order logic is defined using simple type theory, so 5(n)-conversions may be
used in the derivations. As Kuroda's proof relies on the fact that we can translate each
step of the derivation, each time we have A =g, B in the classical derivation, we want
to use Ak =3(n) B*¥ in the intuitionistic derivation.

Proposition 4.4

For any terms ¢t and u, if t < g,y u then ty, <= g(;) Uku-

Proof. By induction on t — g, u (following Definition 3.23).
— We have ((Az. t) u)ky = (Az. tky) Uk aNd (Az. txy) Uky 3 tku[ < uky]. Therefore
((Az. t) u)ky —p (t[r < u])ky using Proposition 4.2.
— Suppose that z is not free in t. We have (Az. t 2)iy = Az. tiy & =3y tiu.
— By induction hypothesis we get tx, <3, ty,- We directly have ti, iy 8 thy Uku
and Uky Tku ‘—>B(n) Uku tLu and \z. tku ‘—>5(n) AL, t{(u. O]
Corollary 4.5. For any terms t and v, if t =g,y u then tyy, =g(,) Uku-

Proof. Directly follows from Proposition 4.4, as =g, is the reflexive, symmetric and
transitive closure of < ;). O

Corollary 4.6. For any higher-order formulas A and B, if A =g, B then Ay, =g(,)) Bk and
Aku 55(77) Bku

Proof. We have Ay, =3(,)) Bku by Corollary 4.5, and therefore ~—Ay, =3(,)) = Bku- O
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4.2 Soundness Property

In this section, we investigate the soundness property: if I' ¢, A then T, b AKY. We
prove it with and without the extensionality principles. In particular, we identify different
conditions that are sufficient to derive the soundness property in the presence of
functional extensionality.

Note that we state and prove the soundness property with T, instead of T'Y, thus
introducing fewer double negations in the context. All the results can be easily adapted
to have the version with ',

4.2.1 Without Extensionality

To prove the soundness property, Brown and Rizkallah [BR14] proceed in two steps—
transforming A into a formula A’ that does not contain any universal quantifier and then
applying to A" an extension of Glivenko’s theorem to higher-order logic without universal
quantifiers. Instead of adopting this method, we proceed to a more direct proof that
follows the intuition of the first-order case.

Theorem 4.7: Soundness Property

Let A be a formula and I" be a context in higher-order logic. If I' ¢ A then
Fku |_||_ Aku.

Proof. By induction on the derivation. We only show the cases specific to higher-order
logic, the remaining cases are the same as in Theorem 3.19.

— All-l: By induction hypothesis, we have I'y, Fi. =—(Px, ). Using Conv, we derive
Tvo Fit (Ay. == (P y)) z. Using All-l, we get Ty, b Va.——(Py, z). We conclude
using Proposition 3.7(1).

— All-E: By induction hypothesis, we have T'y, by ~—Va.~—(Py, z). Using
Proposition 3.36(1), we get T'y, k. Vo.m———(Py, z). Using All-E, we obtain
Ty FiL == —( Py tia). We conclude using Proposition 3.7(2).

— Ex-I: By induction hypothesis, we have T'y, Fi. 7—(Pyy tku). We write A for the
context T'xy, Vz.=( Py ).

AX
H hesi Ay V.- (B
ypothesis Weakening L V2-~(Aa ) All-E
A B (P tiw) A Ry =(Pa tea) Not.E
AL L )

Not-I

ku P 22 (P ) Proposition 3.36(2)

Dy FiL =3P,

— Ex-E: By induction hypotheses, we get I'y, Fi. =3P, and Ty, Py = FiL 2 Aky.
We want to prove I'y, k. =—Ay,. We use Not-I and then Not-E with =Vx.—( Py, x).
The proof of the first subgoal is:
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Hypothesis
Dy, 7 Ak, Pw 7 Fie 7= Ay [y, 7 Ay, Pw i = Ay
Dy, 7 Ay Pw b L
L, Ak FiL = (P )
Fkua _‘Aku |_||_ V.’E._\(Pku .’IZ')
].—‘ku’ _‘Aku }_”_ _‘_‘V‘T._‘(Pku .’E)

Weakening AX

Not-E

Not-I
All-1
Proposition 3.7(1)

The second subgoal T'y,, 7 Ay, FiL —Va.— (P, x) derives from Proposition 3.36(2),
weakening and [y, FiL =—3Fx,.

— Conv derives from the induction hypothesis and Corollary 4.6. O

4.2.2 With Extensionality

We now investigate the soundness property in the setting of extensionality. We want to
prove that I' F, A implies Iy, Fj; A% whatever € {e, ep, ¢f, efp}. Brown and Rizkallah
showed that it fails in the presence of the FunExt rule. To get around this problem, it
is sufficient to assume an axiom stating a weak form of functional extensionality, where
double negations have been inserted in front of equality predicates:

VfVg.(Vz.—=(f z = g z)) = ~=(f = g) (A*)

Remark 4.8. If we consider functional extensionality as an axiom (that is a formula in the
context) instead an inference rule, then its translation is equivalent to A% using
Proposition 3.7(2), Proposition 3.7(3), Proposition 3.7(4) and Proposition 3.36(1).

Theorem 4.9: Soundness Property
Let A be a formula and I" be a context in higher-order logic.
1. For x € {e,ep}, if T FE Athen Ty, i Ak

2. For x € {ef, efp}, if T FE Athen AT Ty, Hj Ak,

Proof. For the firstitem, we complete the proof of Theorem 4.7 with the additional cases:
— Eqg-l derives from Eqg-I and Proposition 3.7(1).

— Eg-E: We have Iy, Ff (P k) and Dy Ff ——(uky = vky) by induction
hypotheses. We directly have Ty, I—f‘LJ Py uky = (Uky = k) = Piu vku USINg EQ-E.
Thus we derive T, I—f‘L’ —(Puy Uky) = 7 (Uky = Vku) = 7 (Piy Vku)  USING
Proposition 3.7(1) and Proposition 3.7(3). We conclude T'y, I—f’i —=(Puy Vku)-

— PropExt: By induction hypothesis, we have 'y, I—f’i ——(Aky & Byy). Using PropExt,
we directly have Ty, F{f (Aky & Biu) = (A = Bky). Using Proposition 3.7(1) and
Proposition 3.7(3), we get I'y, I—ff ——(Awy < Bru) = 7 (Aky = Bky). We conclude
[y I_|B|Ij _‘_‘(Aku = Bku)-
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For the second item, we reuse the cases of the first item with A® in the context, and we
prove the additional FunExt case. We use the assumption A% on the induction hypothesis
AT Ty b1l = (fiw T = giu ) to get AT Ty FiL = fiw = Gku)- O

In classical logic, A% is equivalent to functional extensionality. We link AT to the well-
known principle of double-negation shift.

(Vz.mmA) = (~—Vz.A) (DNS)

Such a principle implies AT in intuitionistic logic with functional extensionality.
Proposition 4.10

DNS ] A,

Proof. We have DNS I—f{ ViVg.(Ve.f © = g ) = (f = g) using FunExt. We successively
apply Proposition 3.7(1), Proposition 3.36(1) and Proposition 3.7(3) to derive
DNS ] VfVg.—~(Va.f z = g ) = —=—(f = g). Using DNS, we conclude DNS ] A9, O

The double-negation shift is derivable in classical logic but not in intuitionistic logic. It
is deeply connected to Glivenko's theorem—which is generalized by Kuroda'’s translation.
More precisely, such a principle is required to extend Glivenko's theorem to first-order
logic [Ume59, Gab72] and to substructural first-order logic [FO12a]. Moreover, the modal
counterpart of the double-negation shift 0—-—A = ——[JA plays an important role when
studying Glivenko's theorem for modal logic [LPR17]. Here, we have emphasized a new
connection between the double-negation shift and Kuroda's translation.

To prove the soundness property in the presence of functional extensionality, it
is sufficient to assume the weak form of functional extensionality or the double-
negation shift.

Remark 4.11. We could also assume the double-negation elimination on equality predicates
VaVy.——(x = y) = x = vy, written DNE*. Indeed, it implies A% in intuitionistic logic with
functional extensionality. However, such a principle must be handled with care: when
combined with the comprehension axiom of set theory or with propositional extensionality, it
entails the double-negation elimination'. For instance, let us prove DNE* I—T’L’ -=P = P for
any proposition P. We easily derive -} ——P = —=—=(P = T) and +{_ (P = T) = P. The
double-negation elimination then follows from DNE*® applied to P and T.

Another approach to get around the problem of the soundness property in presence
of functional extensionality is to apply a translation that eliminates
extensionality [Gan56, Tak53, BR13]. To do so, the Takeuti-Gandy
translation [Gan56, Tak53] resorts to relativization and quantifies over extensional
elements. This translation was later refined [BR13] and coupled with a double-negation
translation. The main advantage of our approach is that the translated statement

"I would like to thank Dominik Kirst for pointing that out.
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remains close to the original statement, as no predicate has been inserted to account
for the elimination of functional extensionality. In exchange, however, we assume an
additional axiom.

4.3 Characterization Property

We have shown that, if a formula A is provable from a context I, then there exists an
intuitionistic proof of Ak from I',. We now want to prove the characterization property:
A and A are classically equivalent. Such a result is routine in first-order logic, but does
not generally hold in higher-order logic.

4.3.1 Counter-Example

Before developing a counter-example of the characterization property, let us illustrate
the intensional (or non-extensional) nature of higher-order logic. Consider a constant P of
type o — o. Even though the propositions L. and L. A L are equivalent, it is impossible to
prove that P 1L and P (L A L) are equivalent without further assumptions. This can be
shown using the intensional models? of higher-order logic developed by
Takahashi [Tak67] and Prawitz [Pra68], based on the V-complex construction [And71]. In
such models, the semantic value of a proposition is not its truth value, but a pair
consisting of a syntactic value and its truth value. L and L A L have the same truth
value, but different syntactic values; therefore they have different semantic values. The
truth value of P (L A L) (respectively P 1) depends on the whole semantic value of
L A L (respectively L). It follows that P 1 and P (L A L) can be assigned different truth
values. Thus, in the absence of extensionality, we cannot prove that P L and P (L A L)
are equivalent, even though L and L A L are. Such a lack of extensionality is a feature of
the AProlog logic programming language [MN12].

Consider a constant P of type o — o and a proposition B that contains at least one
occurrence of the quantifier V. We take A := P B. We would like to show ¢ A < A4,
that is ¢ = (P Byx,) < P B. As we are in classical logic, this is equivalent to derive
Fco P Bky < P B. Using the intensional models of higher-order logic, this does not
hold, even when By, and B are equivalent. More intuitively, the problem here is that the
translation may insert double negations inside the argument B of the predicate P, but
we cannot replace By, by B in the absence of extensionality.

4.3.2 Necessary and Sufficient Condition

When trying to adapt the proof of the characterization property from first-order logic to
higher-order logic, we identify a necessary and sufficient condition, that we call Kuroda-
equivalence.

2A complete development of intensional models will be shown in Chapter 6 for a higher-order
infinitary logic.
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Definition 4.12: Kuroda-Equivalence

For any constant or variable ¢t of type 73 — ... — 7, — oand any terms uy, ..., u,
of type 71,..., 7, we have bl (tug ... up)kw St ur ... Up.
Theorem 4.13

The characterization property holds if and only if the Kuroda-equivalence holds.

Proof. For the direct implication, we apply the characterization property to the formula
tuy ... uptogettce (Fup ... up) S tuy ... u, sowederive ey (tug ... Uy &
tuy ... Up.

For the reverse implication, we only have to show ¢ Ay, < A as we are in classical
logic. Let Az be the g-normal form of A. We know that Ag =3 A, therefore we derive
(Ag)ku =g Aku by Corollary 4.6. We do a proof by cases on Ag. If Agis a variable or a
constant, (Ag)ky corresponds to Ag, therefore we directly have k¢ (Ag)k < Ag and we
conclude ¢ Ay, & A. Otherwise, Ag is an application ¢t uy ... uy,, Where t is a variable
or a constant of type ry — ... — 7, = oand uy,...,u, are terms of type 7,...,7,. By
the Kuroda-equivalence, we have ¢ (4g)ku < Ag, hence we conclude k¢ Ay, & A. O

The counter-example of Section 4.3.1 precisely shows that the Kuroda-equivalence
does not necessarily hold, taking ¢ := P, n := 1 and u; := B. To have the
characterization property, we could impose the Kuroda-equivalence as a principle.
However, such a condition is difficult to enforce, as it not only applies to the logical
connectives and quantifiers, but also to any variable or constant representing a
predicate.

4.3.3 Extensionality Conditions

We now investigate the characterization property in the setting of extensionality. When
assuming functional extensionality and propositional extensionality, the formulas A and
AKX are equal, and therefore classically equivalent.

Lemma 4.14. For any term t, we have I—”Cﬂi tky = t.
Proof. We proceed by induction on the term t.

— Variable and constant: Using Eqg-I, we directly derive I—ecff Tky = z and I—ecfﬁ Cku = C
for ¢ # V. We prove FJ v, = V with

'_eCfE gy ——(y) PropExt
Eq-| gy =—(qy)

FEVg=Vgq FE g = (e (g )
- Y Az (g 2)) =V g

FIP (. ¥ (2.~ (p 7)) =V

FunExt and Conv

Eg-E and Conv

FunExt and Conv

as we have I—?’E qy < ——(q y) in classical logic.
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— Application: We have I—?f tku Uky = tku Uke USING EQ-l. Using successively Eq-E with
the induction hypotheses I—‘Cff tky = t and I—ecff Uk, = u, We obtain %ecf’i tky Uky = T .

— Abstraction: By induction hypothesis, we have t,, = t. Using FunExt and Conv, we
derive P (Az. t)i, = Az. ¢, O

Theorem 4.15: Characterization Property

For any higher-order formula A, we have P Akt & A,

Proof. By Lemma 4.14, I—ecff A, = A. Using Eg-E on the tautology A < A, we get
I Ay, < A. We conclude HP A% < A as we are in classical logic. O

Note that Lemma 4.14 implies the Kuroda-equivalence, therefore providing an
alternative proof of Theorem 4.15 using Theorem 4.13.

4.4 Reverse Translation Property

In this section, we investigate the reverse translation property: if I, Fi. A thenT ¢, A.
While the characterization property does not generally hold in higher-order logic, we show
that the reverse translation property—a weaker property—does not hold either.

As in Section 4.2, we state the reverse translation property with T'y, instead of Tkv,
Again, all the results can be simply adapted to have the version with ',

4.4.1 Counter-Example

To prove that the reverse translation property does not hold in higher-order logic, we
exhibit some I" and A such that T'y, F;. A% holds and T k¢, A does not. Consider a
constant R of type o — 0 — o and two predicates P and P’ of type 7 — o. We take

I' = Vg.R (¢ (Ax. 7=(P x))) (¢ (\z. =(P" z)))
A = RV (A\z. Pz)) ¥V (A\z. P x))

and we therefore have

Ivi =g Vg.—=(R (¢ (Az. =~(P z))) (¢ (Az. == (P 2))))
A =5 (R (Y (Az. (P 2))) (¥ (\z. ==(P' 7))))

In intuitionistic logic, we derive I'y, . A" using All-E with ¢ := V.

In classical logic, however, we cannot derive I' ¢ A. Indeed, we cannot apply All-E
with ¢ := V anymore: the extra double negations inside the arguments of R cannot be
removed without further assumptions. We cannot apply All-E with Ay. V (Az. P z) either,
as we would prove the formula R (V(Azx.Pz)) (VY (Azx.Px)) instead of
R (V (Ax. P z)) (¥ (Axz. P’ z)). As well as for the characterization property, it is the
absence of extensionality that allows us to build a counter-example.
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4.4.2 Sufficient Conditions

Since the characterization property implies the reverse translation property, the sufficient
conditions investigated in Section 4.3 apply. The reverse translation property holds under
the Kuroda-equivalence.

If the Kuroda-equivalence holds, then the reverse translation property holds.

Proof. Suppose I'y, k. AKU. We directly have I'y, Fc. AXY, and we get TV ¢ AKX using
the double-negation elimination. We use the characterization property, that holds under
Kuroda-equivalence by Theorem 4.13. O

The reverse translation property also holds under functional extensionality and
propositional extensionality.

Let A be a formula and I' be a context in higher-order logic.

1. f Ty i A< then T P A,
2. For* € {e,ep}, if Dy, Hf A then T P A,

3. Forx € {ef, efp}, if AT, Ty, i, A< then T l—ecff A.

Proof. For the first and second item, we directly have I, FIP Ak We get Tk 3P Aku
using the double-negation elimination, and then we derive I' I—?‘E A using Theorem 4.15.
For the third item, we similarly get A9, T P A, and we conclude using the fact that A
is derivable from functional extensionality in classical logic. 0O

4.5 Kolmogorov's Translation for Higher-Order
Logic

We now extend KolmogorovV's translation to higher-order logic. To do so, we resort to a
reformulation of Kolmogorov's translation by Dowek and Werner [DWO03]. This
reformulation generates the same result as the original translation, but produces it
through a two-step process that is very similar to Kuroda'’s translation. The key feature is
the treatment of atomic variables.
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4.5.1 Kolmogorov's Translation a la Dowek-Werner

Dowek and Werner [DWO03] defined a light version of Kolmogorov's translation:

(A = B)ko = _‘_‘Ako = == Bjo

(A A B)ko = _‘_‘Ako A _‘ﬁBko

(A \ B)ko = == Ak VB

Ao = A if A atomicor L
Vo Ao = Vo.m—Ak

(Fx.A)ko = dz.——A

Kolmogorov's translation can be formulated in terms of the light version, with
Ak = ——A,..  We refer to this formulation of Kolmogorov's translation as the
Kolmogorov-Dowek-Werner translation, abbreviated KDW translation. Both translations
generate the same result, but the KDW translation produces it using a two-step process
similar to Kuroda's translation. In particular, the KDW translation does not insert double
negations in front of atomic formulas. This is key to extend Kuroda’s translation to
higher-order logic so that it preserves -conversion [BR14]. It follows that the KDW
translation can be naturally extended to higher-order logic.

Definition 4.18

The KDW translation of a higher-order formula A is given by A := ——A4,,, where
Ayo is inductively defined by:

Tko = @
Ap. A\g. ¢ (==p) (——q) ifce {=,AV}
Cko = Ap. ¢ (Az. == (p )) ifce {Vv,3}
c otherwise
(Az. t)ko = Ax.tko
(t u)ko ‘= ko Uko

We have the following results regarding substitution and conversion, which are the
counterparts of Propositions 4.2 and 4.4 and Corollaries 4.3, 4.5 and 4.6.

Proposition 4.19
Let t and u be terms, and A and B be higher-order formulas.
1. (t[z < u])ko = tko[T + Uko)-
2. (Alz + u))* = ARz — u).
3. Ift —p(,;) uthen te, —pg(;) Uko-
4. Ift =g(;) u then tyo =g() Uko-
Bk,

5. If A =p(;) B then Ais =5(;) Bio and A« =5(,)

Proof. As their counterparts for Kuroda’s translation (see Section 4.1). The first item is
proved by induction on ¢. The second item is a corollary of the first item. The third item is
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proved by induction ont < g, u and relies on the firstitem. The fourth item is a corollary
of the third item. The fifth item is a corollary of the fourth item. O

4.5.2 Soundness Property

There are two technicalities when proving the soundness property for the KDW
translation. First, we assume a weak form of functional extensionality in the presence of
FunExt, as for Kuroda's translation. Second, we use Proposition 3.7(4) in the presence of
PropExt, hence only translating classical logic into intuitionistic logic.

Theorem 4.20: Soundness

Let A be a formula and I" be a context in higher-order logic.

1. If T FeL Athen Ty, by A%,

2. If T Fg Athen Ty gy A¥e.

3. IFD FY, Athen A¥, Ty, i A
4. If T - Athen Ty Ak,

5. IFT FIP Athen AY, Ty, P Ale,

Proof. The first item is proved by induction on the derivation. We only show the cases
that are specific to higher-order logic. The remaining cases are the same as for first-order

logic.

All-I: By induction hypothesis, we have I'y, Fm = (Pyo ). Using All-1 and Conv, we
derive I'yo FmL Vz.——(Pyo ). We conclude using Proposition 3.7(1).

All-E: By induction hypothesis, we have T, FpmL = Vz.m—=(Po x).  Using
Proposition 3.36(1), we get 'y, FmL Va.————(P x). Using All-E, we obtain
Ty FML 7 (Pro tho)- We get I'vo FmL = —(Pio tko) USINg Proposition 3.7(2).

Ex-I: By induction hypothesis, we have I'y, Fpme = —(Pro tho)- Using Conv and Ex-I,
we derive T'yo by Jz.0(Po ). We get Ty Fme ——3Jz.—(Po ) using
Proposition 3.7(1).

Ex-E: By induction hypotheses, we have T, FmL ——3z.-— (P z) and
Cvo, Poo © FmL mAko. We want to prove I'y, Fy 7 Ak. We use Not-lI and then
Not-E with —=Vz.~—=—(Px ). The first subgoal Tk, 7 Ako FmL —V.m—=(Pyo )
derives from Proposition 3.36(2), weakening and the first induction hypothesis.
The second subgoal I'y,, 7 Ao FmL Vz.m == (Pyo ) has the following proof.

Hypothesis Weakening A
X
oy 7 Ako, Pro  FmL 7 Ako yos 7 Ako, Pro ML ~Ako Not-E
Cko, _'Ak07 Poz Fme L Not-I
Lo, 7 Are Fvt — (B
o: 2 Ako L (Pho 7) Proposition 3.7(2)

Ivo, 7 Ako FML = (Prio )
Ivo, 7 Ako FmL V2. m (P )

All-1
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Conv derives from the induction hypothesis and Proposition 4.19.

For the remaining items, we reuse the cases of the first item with the additional cases:

Eg-I derives from Eq-l and Proposition 3.7(1).

Eg-E: We have I'y, iy 7 (P Uko) and Tk Fiy = (uke = tko) by induction
hypotheses. We directly have I', Fiy; Pro Uko = (Uko = Vko) = Pho ko USING EQ-E.
Therefore we get I'y, by 7 (Pho Uko) = 7 (Uko = Uko) = 7 (Pho Uko) USING
Proposition 3.7(1) and Proposition 3.7(3). We conclude Ik, Fyy. = (Pro Vko)-

FunExt: We directly use A% on the induction hypothesis.

PropExt: We have k| ——(==(==Ak = —=By) A = (=By = ——Ak)) by
induction hypothesis. Using Proposition 3.7(5), Proposition 3.7(3) and
Proposition 3.7(2), we get l—f‘L’ (7= Ako = 7 Bko) N (= Bko = 7 4yk)). We derive
I—f’L’ ——(Ak < Byo) using Proposition 3.7(4) and Proposition 3.7(5). Using PropExt,
we also have I'y, I—f’f (Ayo & Byo) = (Ako = Bko). Using by Proposition 3.7(1) and
Proposition 3.7(3), we get 'y, I—ff —=(Ako < Byo) = —(Axo = Bko). We conclude
o heE ﬁ_‘(Ako = Bko)- O

Compared to Kuroda’'s translation, the KDW translation translates classical logic
(without propositional extensionality) into minimal logic, and not only into intuitionistic

logic.

As noted by Ferreira and Oliva [FO12b], Kuroda's translation can be modified to

translate classical logic into minimal logic, by additionally inserting double negations on
the right-hand side of implications.

4.5.3 Characterization Property

As for Kuroda's translation, the characterization property for the KDW translation does not
hold due to the intensional nature of higher-order logic, but does hold when we assume
functional extensionality and propositional extensionality.

Theorem 4.21: Characterization

For any higher-order formula A, we have I—eCfE AR o A,

As in Theorem 4.15, the characterization property relies on the following lemma.

Lemma 4.22. for any term t, we have I—ecff tko = t.

Proof. We adapt the proof of Lemma 4.14. The quantifier 4 is treated as V. For the
connectives ¢ € {=,A,V}, we prove }—E:f’i Cro = ¢ With
efp
f Eqg-l w PropExt f
G cpg=cpq FLp=—p Fb 4 & g
= 7 = Eq-E and Conv ff"— PropExt
FLe(-p)a=cpg FE a =g
T o X ) Eg-E and Conv
C —|—\p —\—|q = cp q
eﬂJCL FunExt x2 and Conv
Fel (Ap- Ag. ¢ (=) (——q)) = ¢
as we have I—ec’tf p < ——pand I—ecff q < ——q in classical logic. O
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4.6 Conclusion

Brown and Rizkallah [BR14] extended Kuroda's translation to higher-order logic, showing
that the soundness property holds, except in the presence of functional extensionality.
We have discussed several conditions under which the soundness property holds in the
presence of functional extensionality, including the principle of double-negation shift.

Brown and Rizkallah neither examined the characterization property nor the reverse
translation property. We have shown that both properties do not hold in higher-order
logic, although they are straightforward in first-order logic. ~We have identified
conditions under which such properties hold. In particular, it is sufficient to assume
functional extensionality and propositional extensionality.

Brown and Rizkallah [BR14] showed that Kolmogorov's translation and the
GOdel-Gentzen translation does not naturally extend to higher-order logic, unlike
Kuroda's translation. We have shown that Kolmogorov's translation can nevertheless be
extended to higher-order logic using a reformulation by Dowek and Werner [DWO03]. The
Kolmogorov-Dowek-Werner translation allows us to translate higher-order classical logic
directly into minimal logic, while Kuroda’s translation stops at intuitionistic logic. We
present in Table 4.1 an overview of the soundness property for Kuroda's translation and
the Kolmogorov-Dowek-Werner translation.

Both Kuroda's translation and the Kolmogorov-Dowek-Werner translation use a
two-step process, resulting in a special treatment of variables which is key to preserve
B-conversion. More generally, it is possible to define many two-step translations, that
insert at least the double negations of Kuroda's translation and at most those of the
Kolmogorov-Dowek-Werner translation. In particular, all the double negations inserted
by the Kolmogorov-Dowek-Werner translation are not necessary to translate classical
logic into minimal logic: it suffices to modify Kuroda’s translation so that it also inserts
double negations on the right-hand side of implications [FO12b].

Contrary to Kolmogorov's and Kuroda's translations, the Gédel-Gentzen translation
inserts double negations in a way that cannot be reformulated using a two-step process.
Future work would be to investigate whether it is possible or not to find an elaborated
way to extend the Gddel-Gentzen translation to higher-order logic.

We have seen that the role of both functional extensionality and propositional
extensionality is predominant when extending double-negation translations to
higher-order logic. One has to be careful when using both principles in an intuitionistic
context: the Diaconescu-Goodman-Myhill theorem [Dia75, GM78] states that, together
with the axiom of choice, they entail the principle of excluded middle.
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Chapter 5

Monad Translations

Several translations generalize double-negation translations by inserting monad
operators instead of double negations. They eliminate particular axioms,
for instance the principle of excluded middle or the principle of explosion,
and therefore can be used to embed classical logic into intuitionistic logic or
intuitionistic logic into minimal logic. Such translations have been defined for first-
order logic.

In this chapter, we define a translation, parameterized by monad operators,
for higher-order logic. We apply this translation to embed higher-order classical
(respectively intuitionistic) logic into higher-order intuitionistic (respectively
minimal) logic. By adapting Friedman's trick, we show that coherent formulas
correspond to a constructive fragment of higher-order classical logic, meaning that
we can transform classical proofs into intuitionistic proofs without modifying the
proven statements. We extend Barr's theorem to higher-order coherent formulas.

This chapter is adapted from [Tra25].

So far, we have only focused on the double-negation translations, as they are the
most well-known and intuitive translations that embed classical logic into intuitionistic
logic or minimal logic. But other translations exist. The Prawitz-Malmnas
translation [PM68] embeds intuitionistic logic into minimal logic. It is inductively defined
like Kolmogorov's translation, but it applies the operator TA := AV 1 instead of ——A.
Moreover, the double-negation translations can be parameterized by a formula R, using
Friedman'’s trick [Fri78]. Instead of applying =—A := (A = 1) = 1, the parameterized
translations apply the operator TA := (A = R) = R in formulas and translate classical
logic into intuitionistic logic.

So as to generalize even more the double-negation translations, it is possible to
resort to monad operators instead of double negations. Monad operators are unary
connectives T that satisfy A =T A and (A= TB) = (T A= TB) for any formulas A and
B. They are called lax modalities in [Acz01], nuclei in [vdB19] and strong monads
in [EO12], and they originate from propositional lax logic [FM97], topology and category
theory [Mac71]. Several monad translations have been defined [Acz01, EO12, vdB19],
and they generalize the Prawitz-Malmnas translation, the double-negation translations
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and the parameterized double-negation translations. These translations eliminate
particular axioms, depending on the chosen monad operator, for example the principle
of excluded middle or the principle of explosion. Such generic translations are therefore
relevant to embed classical logic into intuitionistic logic or intuitionistic logic into
minimal logic. As the double-negation translations, their generalizations with monad
operators have only been defined for first-order logic.

Contributions. In this chapter, we define a Kuroda-style monad translation for
higher-order logic. Depending on the choice of the monad operator, this translation
either embeds higher-order classical logic into higher-order intuitionistic logic or
higher-order intuitionistic logic into higher-order minimal logic.

Like the extension of double-negation translations to higher-order logic studied in
Chapter 4, the characterization property holds under functional extensionality and
propositional extensionality. Moreover, we underscore conditions under which the
soundness property holds in the presence of functional extensionality and propositional
extensionality.

We refine the translation for factorizable monad operators, that are monad operators
that satisfy (TA=TB)=T(A= B). The factorizable monad translation directly abstracts
Kuroda's translation, and it introduces less operators in the formulas than the standard
monad translation. It can be used to embed higher-order classical logic into higher-order
intuitionistic logic.

When considering higher-order coherent formulas, the monad translation can be
used to show that classical provability entails intuitionistic provability and that
intuitionistic provability entails minimal provability. In particular, we are able to
constructivize any classical proof of a statement that only involves higher-order
coherent formulas. We extend Barr’s theorem to higher-order coherent formulas.

Outline. We recall in Section 5.1 the necessary preliminaries about monad operators.
The monad translation for higher-order logic is defined in Section 5.2. In Section 5.3, we
show that this translation satisfies the soundness and characterization properties, and we
examine its behavior in the presence of equality. We illustrate how the monad translation
can be used with different monad operators to define embeddings between higher-order
logics in Section 5.4, and we study the particular case of higher-order coherent formulas
in Section 5.5. In Section 5.6, we refine the translation for factorizable monad operators.

5.1 Monad Operators

We say that 7' is a unary connective when it is a closed term of type o — o.
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Definition 5.1: Monad Operator

Aunary connective T'is a monad operator of L when the judgments (unit) and (bind)
hold for any formulas A and B.

FLA=TA (unit)
FL(A=TB)= (TA=TB) (bind)

We use the terminology “monad operator” to avoid any confusion with monads in
the sense of category theory. Monad operators are called lax modalities in [Acz01] and
nucleiin [vdB19]. This definition of monad operators is equivalent to the axiomatization of
strong monads in [EO12]. Following the Curry-Howard correspondence, monad operators
coincide with the notion of monad in programming languages [Mog91], for instance in
Haskell.

Example 5.2. There are many monad operators of minimal logic:
— TA:=AV .,
— TrA := (A= R)= R, with parameter R, which corresponds to the continuation monad,
— TA :=—-—A, which is a special case of the previous one with R := 1,
— TrA := (A= R)= A, with parameter R, which corresponds to the Peirce monad [EO12].

We recall some properties about monad operators that will be used in the rest of the
chapter. They generalize Propositions 3.7 and 3.36 to any monad operator.

Proposition 5.3
Let 7" be a monad operator of L, A and B be formulas, and P be a predicate.
1. FLTTASTA
. FL(A=B)= (TA=TB)
. FLT(AANB) < (TANTB)
. FLT(A=B)= (TA=TB)

. FLT(AV B) & T(TAVTB)

2
3
4
5. /L T(A=TB)< (TA=TB)
6
7. FL T(V2.T(P z)) < V2. T (P x)
8

(
(
(
(
(
L T(32.T(P 2)) < T(3 P)

Proof. Let us detail each case.

— Item 1 (=): Using (bind) we have | (TA=TA)= (TTA = TA). We therefore
derive - TT A= TA.

— Item 1 (<=): We use (unit) on T' A.
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Item 2: Using (unit) on B we have . (A = B) = (A = T'B), and using (bind)
FL(A=TB)= (TA=TB).Thust_ (A= B)= (TA=TB).

Item 3 (=): We have| (AAB)= Aandt_ (A A B)= B. Using Item 2 we easily
derivet-| T(AANB) = (TAANTB).

Item 3 («<): Using (bind), we directly have | (A=T(AAB))=TA=T(AAB)and
L (B=T(AAB))=TB=T(AA B). Using these two facts and (unit)on A A B,
we easily derive - TA=TB=T(AAB). We concludet| (TAANTB)=T(AAB).

Item 4: We know that+| (A= B)AA)= B.Wederivet T((A=B)NA)=TB
using Iltem 2. By Item 3, we get - (T'(A = B) AT A) = T B, therefore we conclude
FLT(A= B)= (TA=TB,).

Item 5 (=): We have | T(A = TB) = (T'A = TTB) using Item 4. We conclude
FLT(A=TB)= (I'A= TB) using Item 1.

Item 5 (<) Wegetk (TA=TB)=(A=TB)andt_  (A=TB)=T(A=1TB)
using (unit). It follows - (TA=TB)=T(A=TB).

Item 6 (=): Using (unit) on A and Or-IL, we have - A = (T'A v T'B). Similarly, we
have | B= (T'AV TB). Therefore we have - (AV B) = (TAV TB). We derive
FLT(AV B)=T(TAVTB) by Item 2.

Item 6 («<): Using (bind), we get - (A= T(AV B)) = (TA= T(AV B)) and
FL(B=T(AVB))=(I'B=T(AV B)). Using (unit), we derive - TA=T(AV B)
and . TB=T(AV B). Itfollows - (TAVTB)=T(AV B). We conclude using
(bind).

Item7(=): We havel (Vz.T'(P z))=T(P y)forafreshvariabley. Using (bind), we
gett T(Vz.T(P z)) = T(P y). We derive T'(Vz.T'(P z)) . T'(P y) and therefore
T(Ve.T(P z)) b Va.T(P z). We conclude - T'(Vx.T'(P x)) = VYa.T'(P x).

Item 7 (<): We use (unit) on Va.T'(P z).

Item 8 (=): By Imp-l and Ex-I, we have | (P z)=3 P. Wegett_ T'(P x)=T(3 P)
using Item 2. Using weakening and Imp-E, we derive 32.7(P z),T(P z) . T'(3 P).
Using Ex-E, we get 3=.T(P z) k. T(3 P). Using Imp-I and (bind), we conclude
FL T (3. T(P z))=T(3 P).

Item 8 («<): For any variable x, we have - (P z) = T'(P x) using (unit). Therefore
FL (3 P)= J2.T(P x). Using Item 2, we conclude | T(3 P) = T (3z.T(P x)). O

5.2 Monad Translation for Higher-Order Logic

Several translations [AczO1, EO12, vdB19] generalize the standard double-negation
translations [Kol25, G633, Gen36, Kur51] to monad operators. In particular, van den
Berg [vdB19] defined a Kuroda-style monad translation for first-order logic. It
corresponds to Kuroda’s translation, in which we insert monad operators instead of
double negations. It also introduces additional monad operators on the right-hand side
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of implications, and such a modification is necessary to generalize Kuroda's translation
to any monad operator. We will see in Section 5.6 that this constraint can be removed
for factorizable monad operators.

We define here a Kuroda-style monad translation for higher-order logic, taking
advantage of the ideas developed in Chapter 4 and in [vdB19].

Definition 5.4: Monad Translation for Higher-Order Logic

Let A be a formula in higher-order logic and T' be a monad operator. Its monad
translation is AT := T A7, where t — t7 is inductively defined by:

xr = %
Ap.VeT(px) ife=V

cr = Ap. A\qg.p=Tq ifc==
c otherwise

Az. )y = dx.tr

(t U)T = tpur

In first-order logic, we have (A[z + w])T = AT[z < w]. As we are in higher-order
logic, we have (A[z + w))T = AT [z < wr].

Proposition 5.5

For any term ¢, we have (t[z < w])r = tr[z < wr].
Proof. By induction on the term ¢. The proof is the same as the proof of Proposition 4.2,
with subscript 7" instead of ku. O
Corollary 5.6. For any higher-order formula A, we have (A[z + w])T = AT [z + wr).

Proof. We have (A[z < w])r = Ar[z + wy] by Proposition 5.5. Therefore we derive
(Alz + w])T = T(Alz + w])r = T(Ar[z < wr]) = (TA7)[z + wr] = AT [z + wr]. O

In higher-order logic, terms are considered modulo 3(n)-convertibility. It follows that
the translation must preserve 3(n)-convertibility for it to preserve provability.

Proposition 5.7

For any terms ¢t and u, if t < g, uthen tr — g ur.

Proof. By induction ont < g, u.

— We have ((\z. t) u)r = (Az. t7) ur —g tr[z < ur]. Using Proposition 5.5, we get
((Az. t) u)r —=p (tlx < u])7.

— Suppose that z is not free in t. We have (\z. t x)r = Ax. t7 © < g, L.

— The other cases directly follow from the induction hypotheses. O

Corollary 5.8. For any terms t and v, ift =g, u then tr =g, ur.
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Proof. Directly follows from Proposition 5.7, as =g, is the reflexive, symmetric and

transitive closure of < ;). O
Corollary 5.9. For any higher-order formulas A and B, if A =g,y B then Ar =g,y Br and
AT 55(77) BT.

Proof. We have Ar =g, Br by Corollary 5.8, and therefore T Ar =g, T Br. O

5.3 Monad Embedding

The monad translation generalizes double-negation translations with monad operators
instead of double negations. Double-negation translations eliminate the use of the
principle of excluded middle. Likewise, the monad translation eliminates the use of a
particular formula [Acz01, EO12], called T-elimination.

TA= A (T-elimination)

More formally, we extend the logic L with the inference rule T-Elim, and we write
I' 1t Awhen T+ Ais derivable using the rules of L and T-Elim.

—— T-Elim
r-TA= A

The monad translation eliminates any use of the T-Elim inference rule—this is the
soundness property. The characterization property states that any formula and its
translation are equivalent assuming T-Elim.

When extending the double-negation translation to higher-order logic in Chapter 4,
the characterization property does not trivially hold, but does hold when we consider
functional extensionality and propositional extensionality. The same reasoning applies
when extending the monad translation to higher-order logic.

Theorem 5.10: Monad Embedding

Let 7' be a monad operator of L such thatwe have - (T'A)p< T Ap for any formula
A. Let A be a formula and I a context in higher-order logic.

1. IfT |—|_+T A then FT l—|_ AT.

2. HPL AT & A
Remark 5.11. As for Kuroda’s translation, the version of the soundness property with T
instead of I'r is provable as well.

Remark 5.12. The condition - (T'A)r < T Ar is useful when proving the T-Elim case of the
soundness property.

Proof of Theorem 5.10(1). We proceed by induction on the derivation. Most of the cases
are direct applications of Proposition 5.3. We only show the most interesting cases.



Chapter 5. Monad Translations 67

Or-E: By induction hypotheses, we have I'r - T'(ArV Br) and I'r, Ap . TCr and
Iy, By b TCp. To prove I'p | T'Crp, it suffices to have I'y - T(Ar V Br) = TCr.
Using the second and third hypotheses, we derive I'p - (A V Br) = T'Crp. Using
(bind)we get 'y | T(Ar V Br) = TCp, and we conclude the case.

All-I: By induction hypothesis, we have I'r b T'(Pr x). We derive 'y b V. T'(Pr x),
thatis I'r - (V P)p. We conclude using (unit).

All-E: By induction hypothesis, we have Tyt T(Va.T(Pr x)). Using
Proposition 5.3(7), we derive I'p - Va.T'(Pr x). We get I'r - T'(Pr tr) using All-E.

Ex-I: By induction hypothesis, we have I'y - T'(Pr tr). We get I'y b J2.7(Pr x)
using Ex-I. We conclude using (unit) and Proposition 5.3(8).

Ex-E: By induction hypotheses, we have I'y | T'(3 Pr) and 'y, Pp x b T Ap. To
conclude the proof, it suffices to have I'r - T'(3 Pr) = T Arp.

We have I'r,3 Pr . 3 Pr (by Ax) and ', 3 Pp, Pr x H T Ar (by weakening on
the second hypothesis). Using Ex-E, we derive I'r,3 Pr b T Ap and therefore
I'pr b (3 Pr)=TAp. Using (bind), we obtain I'r - T(3 Pr) = TAp, and we
conclude the case.

Bot-E: By induction hypothesis, we have I'r . T' L. As we are in intuitionistic logic,
we have I'r k). L = Ap. We deduce I'r b T L = T Ay using Proposition 5.3(2).
We conclude I'r by T Ar.

PEM: As we are in classical logic, we have I'r ¢ Ar V (Ap = 1). Using (unit), we
deriveI'r FcL ArV (Ar=T1),and then we conclude 'y ¢ T(Ar V (Ar=T1L1)).

T-Elim: We have (TA= A)r = (TA)r = TAr). We know - (T'A)r < T Ar, so we
deriveI'r | (TA= A)p. We conclude I'r b T(T'A = A)p using (unit).

Conv derives from the induction hypothesis and Corollary 5.9. O

Before proving the second item of Theorem 5.10, we show the following lemma,
stating that any term and its translation are equal, assuming T-Elim, functional
extensionality and propositional extensionality.

Lemma 5.13. For any term t, we have I—f_f_p” tr =1t.

Proof. By induction on t¢.

We directly have F* + 27 =z and -{® | e7 = cforc ¢ {V,=}. For c € {V, =}, we
derive ,_eLf_p” cr = ¢ from PropExt, FunExt, T-Elim and (unit), adapting the proofs of
Lemmas 4.14 and 4.22.

We have I—eLf_"FT (t w)p =t w using the induction hypotheses and Eq-E.

We derive I—eLfiT (Az. t)7 = Az. t using the induction hypothesis and FunExt. O

Proof of Theorem 5.10(2). We derive l—f_ﬁT Ar = A using Lemma 5.13, and therefore

efp
I_LJrT

Ar < A. We conclude I—f_fiT AT & A using (unit) and T-Elim. O
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We proved that, without the symbols and inference rules for equality, the monad
translation satisfies the soundness property. As for Kuroda’s translation, the proof of
the soundness property does not directly extend when we consider equality and
extensionality. We consider axioms stating weak forms of functional extensionality and
propositional extensionality with monad operators.

ViVg. V2. T(fx=gxz)=T(f =g) (A;f)
VAVB. (TA< TB)=T(A = B) (A%

We write A;ﬁp for the context AeTf, A;’f. When proving the soundness property in the
presence of equality, the first formula A;ﬁ is useful for the FunExt case and the second
formula AY is useful for the PropExt case.

Remark 5.14. A;ﬁ directly generalizes AY. Instead of AY, we could also consider the
generalizations of DNE®:

VaVy. T(x =y)=ax =y
However, it entails the T-elimination in the presence of propositional extensionality. This can

be proved by adapting the arguments of Remark 4.11.

Theorem 5.15: Soundness Property for Equality

Let T'be a monad operator of L such thatwe have | (T'A)r< T Ar for any formula
A. Let A be a formula and I' be a context in higher-order logic.

1. fTH_ + AthenTp Hf AT,

2. For * € {¢f, ep, efp}, if [ F 1 Athen A%, Ty AT

Proof. For the firstitem, we complete the proof of Theorem 5.10 with the following cases:

— Eg-I: We directly use Eg-I on the induction hypothesis and then (unit).

— Eg-E: By induction hypotheses, we have I'r +{ T'(Pr ur) and I'r Hf T'(ur = vr).
Using Eq-E, we derive - (Pr ur) = (ur = vr) = (Pr vr). Using Proposition 5.3(2)
and Proposition 5.3(4), we get - T'(Pr ur)="T (ur = vr)=T(Pr vr). We conclude
FT |—e|_ T(PT UT).

For the second item, most cases are those of the firstitem that are reused with A%, in the
context. The remaining cases are:

— FunExt: We directly use AeTf on the induction hypothesis.

— PropExt: By induction hypothesis, we have A% I'r = T((Ar=TBr)\(Br=TAr)).
Using Proposition 5.3(3) and Proposition 5.3(5), we get A%, I'r = TAr < T Br. We
conclude using AY. O

When extending Kuroda’s translation to higher-order logic in Chapter 4, we only
considered the formula A%, The generalization to any monad operator requires us to
additionally consider the formula A¥. In Section 5.6, we will see that this additional
assumption can be dropped when considering factorizable monad operators.
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5.4 Embeddings between Logics

Such monad translation can be directly applied with particular monad operators to embed
classical logic into intuitionistic logic or intuitionistic logic into minimal logic.

There are many classical laws, such as the principle of excluded middle, the
double-negation elimination, Peirce’s law, or Clavius's law. All these laws are equivalent
in intuitionistic logic (when quantifying on A and B).

—A=A (double-negation elimination)
(nA=A)=A (Clavius's law)
(A=B)=A)=A (Peirce’s law)

The T-elimination principle corresponds to the double-negation elimination when we
choose T'A := (A= 1) = 1 and to Clavius's law when we choose TA := (A= 1) = A.
For these monad operators, the T-Elim inference rule is therefore equivalent to PEM,
and eliminating any use of T-Elim in the derivations means transforming classical
provability into intuitionistic provability.

Let A be a formula and I" be a context in higher-order logic.
1. fT kL AthenTp b AT withTA = (A= 1) = L.
2. IfT e AthenTp b AT withTA == (A= 1) = A.

Moreover, for each of the above, we have P A7 & A.

Proof. We apply Theorem 5.10 with L := IL. T-Elim is equivalent to PEM, so IL + T
corresponds to CL. We only have to check the hypothesis - (T'A)r < T Ar.

For the first item, TAr=(Ar=(L=1)=1)=(L=1)=1) and
TAp = (Ap= 1)= 1. Weeasilyhave | (TA)r < TAr.

For the second item, (TA)r = (Ar= (L= 1)=1))= (Ar= 1) = Ar) and
TAr = (Ar= 1) = Ar. We easily have - (T'A)r < T Ar. O

Remark 5.17. As remarked by Escardd and Oliva [EO12], the monad TrA := (A= R) = A
can be used with R # L to eliminate instances of Peirce’s law. However, this only works for
particular formulas, as the assumption . (TrA)r, < TrAT, of Theorem 5.10 does not
necessarily hold for any R.

When TA := A v 1, the T-elimination principle is equivalent to the principle of
explosion, and the T-Elim inference rule is therefore equivalent to the Bot-E inference
rule. In that case, eliminating any use of T-Elim in the derivations means transforming
intuitionistic provability into minimal provability.

Let A be a formula and T" be a context in higher-order logic. If ' k. A then
Iy Fwme AT with TA := AV L. Moreover, we have -* A7 < A,
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Proof. We apply Theorem 5.10 with L := ML. T-Elim is equivalent to Bot-E, so ML + T
corresponds to IL. The hypothesis - (T'A)r < T Ap, is directly satisfied, as we have
(TA)T =ArVv LandTAr = Ap Vv L. O

This embedding generalizes the Prawitz-Malmnas translation [PM68] to higher-order
logic, but also refines it as we do not apply TA := A v L on every subformula.

5.5 The Fragment of Higher-Order Coherent
Formulas

Coherent formulas are formulas that can only be built using conjunctions, disjunctions
and existential quantifiers. Because monad operators are only inserted after universal
quantifiers and implications, it follows that A = A for any coherent formula A. We lift
to higher-order logic several results for coherent formulas that rely on this observation.

5.5.1 Constructivization of the Fragment

A first trick [CdJV16, vdB19] allows us to derive minimal provability from intuitionistic
provability when the context is empty and when the formula is coherent.

Theorem 5.19
Let A be higher-order coherent formula. If ;. A then -y A.

Proof. Suppose ;. A. We apply Theorem 5.10 with TA := A Vv 1, and we derive
Fme A7V L, thatis g AV L since A is coherent. We know that minimal logic has the
disjunction property, and that we cannot prove | (as the context is empty). Hence, we
conclude Fp A. O

A second trick [vdB19] allows us to derive intuitionistic provability from classical
provability when the formulas involved are coherent.

Theorem 5.20
LetI', A be a sequence of higher-order coherent formulas. If " ¢, AthenT . A.

To prove this result, we adapt to higher-order logic Friedman's translation [Fri78]. As
an intermediate lemma, we prove that, for higher-order logic, Friedman’s translation
transforms classical proofs into intuitionistic proofs. Note that we cannot directly apply
Theorem 5.10, as the T-elimination principle does not correspond to a classical law
when TA := (A= R) = R.

Lemma 5.21. Let TA := (A= R) = R with parameter R. Let A be a formula and T" be a
context in higher-order logic. If T' ¢, A then T'p . AT,

Proof. We proceed by induction on the derivation. All the cases are similar to the cases
of Theorem 5.10, except that we do not need to consider the T-Elim case anymore, and
that we change the PEM case. We prove I'y k. T(A V —A)p using
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I'r,B= R Ar, L= Ry Ar g)tf-lL
Tr7,B=R,Ar, L= R B _
T7.B=R Ay, L= Rby R 'MPEwithB= R
I'r,B= Rk AT:>((J—:>R):>R) Imp-l x2
I'r,B=RF_B . Or-IR
Ty, B= Rty R 'MP-EWthE = ]I%mp—l
IR TS ((AT V (AT = ((L=R) :>R))) :>R) ~ R

where B is an abbreviation for the formula A7 vV (Ar = ((L = R) = R)). O

Proof of Theorem 5.20. Suppose I' ¢ A. Without loss of generality, we assume that I"
and A have no free variables, as we can replace them by fresh constants. We apply
Lemma 5.21, and we getI'r k. (A7 = R) = R, thatisT' ). (A= R)= Rsincel’and 4
are coherent. Choosing R := A, we derive I' i A. O

In other words, coherent formulas correspond to a constructive fragment of
higher-order classical logic. Constructive fragments of classical logic have been studied
for propositional logic [Gli28, G633] and first-order logic [PH15]. This is the first time, to
our knowledge, that such results are proved for higher-order logic.

5.5.2 Barr's Theorem for Higher-Order Coherent Theories

Coherent implications are formulas of the form VZ.A or VZ.(A = B), where A and B are
coherent formulas and Z is a finite sequence of variables (possibly empty). A theory T is
coherent when all its axioms are coherent implications. Barr's theorem [Bar74] states'
that, in first-order logic, any coherent implication that is classically provable in a coherent
theory is also intuitionistically provable in the same theory.

Remark 5.22. Note that the theorem refers to first-order logic and not just coherent logic,
because the principle of excluded middle cannot be expressed by a coherent formula or a
coherent implication.

Barr's theorem admits different proofs [Pal02, Neg03]. We extend Barr's theorem to
higher-order coherent theories, by adapting Palmgren’'s proof [Pal02], that relies on
Friedman'’s translation.

We have seen that coherent formulas are unchanged by the translation. Coherent
implications imply their translation. In the rest of this section, we only consider coherent
implications of the form VZ.(A = B), as the case VZ.A is easier.

Lemma 5.23. Let A and B be higher-order coherent formulas, and & be a finite sequence of
variables (possibly empty). We have - (VZ.(A= B))= (VZ.(A= B))r.

Proof. Since (A= B)r = A=TB, we directly have . (A= B) = (A = B)r using (unit)
on B. If Z is empty, this achieves the case. Suppose that @ is the sequence zy,...,z,.
We derive . (A= B) = T(A = B)r using (unit) on (A = B)r. Using All-l, we derive

'0riginating from topos theory, Barr's theorem is stated for geometric formulas, an extension of
coherent formulas with infinite disjunctions. Barr's theorem also claims to remove the axiom of
choice. Such an assertion must be considered with care: as shown by Rathjen [Rat16], adding the
axiom of choice externally preserves conservativity, but adding it internally does not.
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FiL Vz,.((A= B) = T(A = B)r). Then we use the distributivity of V over = to derive
FiL (Va,. (A= B)) = (Vz,.T(A= B)r), thatis - (Vz,.(A= B)) = (Va,.(A= B))r. We
iterate this procedure to get - (VZ.(A= B)) = (VZ.(A= B))r. O

Theorem 5.24

Let T be a higher-order coherent theory, A and B be higher-order coherent
formulas, and Z be a finite sequence of variables (possibly empty). If ¢, VZ.(A=B)
in T then . VZ.(A= B)inT.

Proof. Suppose that ¢ VZ.(A = B) in T. Then there exists some coherent implications
© of T such that © ¢ VZ.(A = B). Using All-E, we instantiate the bound variables Z by
fresh variables also named & (without loss of generality) and obtain © ¢, A = B. Using
Weak and Imp-E, we get ©, A | B. Applying Lemma 5.21, we derive O, Ap . BT, that
is O, A k)L (B= R) = R. By Lemma 5.23, we derive ©, A k. (B = R) = R. Choosing
R := B,wederive ©, A b B. Using Imp-l and All-I, we get © - VZ.(A= B). We conclude
that - VZ.(A= B)in T. O

5.6 Refinement for Factorizable Monad Operators

So far, we have generalized Kuroda's translation to any monad operator, at the expense
of the insertion of additional monad operators on the right-hand side of implications. In
this section, we refine the translation for factorizable monad operators.

Definition 5.25: Factorizable Monad Operator

A monad operator T' of L is factorizable when it satisfies the (factorization)
judgment for any propositions A and B.

FL(TA=TB)=T(A= B) (factorization)

For instance, (factorization) holds for the monad Tr A := (A= R)=- A in minimal logic
and for the monad T'A := (A = 1) = L in intuitionistic logic.

5.6.1 Factorizable Monad Translation

For factorizable monad operators, we do not need to insert a monad operator in the
implication case of the translation [vdB19]. In that sense, the factorizable monad
translation is a direct abstraction of Kuroda’'s translation, in which double negations
have been replaced by factorizable monad operators.
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Definition 5.26: Factorizable Monad Translation for Higher-Order Logic

Let A be aformula in higher-order logic and T"be a factorizable monad operator. Its

factorizable monad translation is A” := T Az, where t — t is inductively defined
by:

.%T = T
- : { Ap. VeI (pzx) ifc=V
’ ’ c otherwise
(Az. t)z = Az.tg
(t U)T = tf Uz

The translations ¢ ~ 17 and A — AT satisfy the same properties as ¢t — ¢ and
A AT concerning substitution and convertibility.

Proposition 5.27

Let t and u be terms, and A and B be higher-order formulas.
1. (t[z + w]):,: = tf[z — U}T]'
2. (Alz « w))T = AT[z  wgl.
3. Ift =g, uthents —gq) ugz.

U~

4. Ift Eﬁ(n) u then tf 55(77) e

5. IfA =8(n) B then AT =8(n) Bj: and AT =8(n) BT,

Proof. We adapt the proofs of Proposition 5.5, Corollary 5.6, Proposition 5.7, Corollary 5.8
and Corollary 5.9. O

5.6.2 Factorizable Monad Embedding

The factorizable monad translation satisfies the soundness and characterization
properties. It only applies to factorizable monad operators, but it simplifies the monad
translation, as it introduces fewer monad operators while satisfying the same result.

Theorem 5.28: Factorizable Monad Embedding

Let T' be a factorizable monad operator of L such that - (T'A)z < T Az for any
formula A. Let A be a formula and I be a context in higher-order logic.

1. IfT |_L+T A then Ff“ l_L AT
2. P AT & A
Proof. We prove the first item by induction on the derivation. Most of the cases are the

same as for Theorem 5.10. Conv derives from the induction hypothesis and
Proposition 5.27. We only show the proof of the cases that differ.
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— Imp-I: By induction hypothesis, we have I'z, Az b T'Bz. We get I'z - Az = T B,
and we derive I'z: - T'Az = T By using (bind). We conclude I'z: - T(Az = B7)
using (factorization).

— Imp-E: By induction hypotheses, we have I'z - T(A7 = Bz) and I'z b T Az We
get 'z kL TAz = TBg using Proposition 5.3(4). We conclude I'z - T'Bs using
Imp-E.

— T-Elim: We directly have I'z - TT' Az = T' Az using Proposition 5.3(1). We derive
'z L T(TAz = Az) using (factorization). Since we have ki (T'A)z < T Az, we
conclude I'z - T(TA = A) 7.

For the second item, we show l—eLfiT t= = t by adapting the proof of Lem@a 5.13. It follows
that " Az = A, and therefore " . Az < A. We conclude " A” < A using (unit)
and T-Elim. O

In the presence of equality, the soundness property for the factorizable monad
translation is simplified compared to the one for the monad translation. We can drop
the formula A% of Theorem 5.15, as the PropExt case can now be proved without any
additional hypothesis.

Theorem 5.29: Soundness Property for Equality

Let T' be a factorizable monad operator of L such that - (T'A)z < T' Az for any
formula A. Let ', A be higher-order formulas.

1. For « € {e,ep}, if T 7, Athen Tz AT

2. For * € {ef, efp}, if [ i, Athen A Tz 7 AT

Proof. For the firstitem, we complete the proof of Theorem 5.28 with the following cases:
— Eg-land Eg-E: The proofs are the same as for Theorem 5.15.

— PropExt: By induction hypothesis, we have I'z H T((A# = Bz) A (Bs = Az)). We
derive I'z H T(Az = Bz) and I'z | T'(Bs = Az) using Proposition 5.3(3), And-EL
and And-ER. We have I-{ (A7 = Bz) = (B7= A7) = (A7 = Bg) using PropExt, and
we get ' T(Az= Bz) = T(B7 = A7) = T(Az = Bz) using Proposition 5.3(2) and
Proposition 5.3(4). We conclude T'z - T(Af = Bf).

For the second item, we reuse most cases of the first item using A;f in the context. The
case FunExt corresponds to the one of Theorem 5.15, with A instead of A%, O

Unlike the monad translation of Section 5.2, the factorizable monad translation
allows us to fully recover the specific behavior of the extension of Kuroda's
double-negation translation to higher-order logic. Specifically, monad operators are not
inserted on the right-hand side of implications, and the extra assumption A;’f is not
needed for the soundness property in the presence of propositional equality.
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5.6.3 Additional Embeddings between Logics

The embeddings of classical logic into intuitionistic logic of Theorem 5.16 are also valid
with the factorizable monad translation. These embeddings introduce fewer monad
operators than the monad translation.

Theorem 5.30: Embeddings of Classical Logic into Intuitionistic Logic

Let A be a formula and I' be a context in higher-order logic.
1. f T ke Athen Tz by AT with TA = (A= 1) > L.

2. IfT ke Athen Tz by AT with TA == (A= 1) = A.

Moreover, for each of the above, we have I—ecfﬁ AT o A,

Proof. The proof is the one of Theorem 5.16, but using Theorem 5.28 instead of
Theorem 5.10. O

Remark 5.31. Kuroda’s translation embeds classical logic into intuitionistic logic, but not into
minimal logic. Indeed, it requires the (factorization) property for the double-negation monad
operator TA := (A= 1) = 1, and such a property is satisfied in intuitionistic logic, but not
in minimal logic. As noted by Ferreira and Oliva [FO12b], the modified Kuroda’s translation,
in which double negations are also inserted on the right-hand side of implications, can also
be shown to embed classical logic into minimal logic. This is because the modified translation
does not require the (factorization) property.

5.7 Conclusion

We have defined two monad embeddings for higher-order logic: the monad translation
and the factorizable monad translation. The former broadens the scope of Kuroda's
translation to any monad operator, but it additionally introduces monad operators on
the right-hand side of implications as a trade-off. The latter directly generalizes Kuroda's
translation to factorizable monad operators. For both translations, the soundness
property holds. As we are in higher-order logic, the characterization property holds
when we assume both functional extensionality and propositional extensionality. We
have given conditions so that the soundness property holds in the presence of
functional extensionality and propositional extensionality.

These results generalize to monad operators the approach taken for extending
Kuroda’'s translation to higher-order logic seen in Chapter 4, and they extend to
higher-order logic the approach taken for generalizing the double-negation translations
to monad operators [Acz01, EO12, vdB19]. The monad translation and the factorizable
monad translation entail various embeddings—depending on the monad operator and
on the translation—of higher-order classical logic into higher-order intuitionistic logic,
and of higher-order intuitionistic logic into higher-order minimal logic. We present in
Table 5.1 an overview of the soundness property for the different translations of
Chapters 4 and 5.
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For higher-order coherent formulas, we have shown that classical provability entails
intuitionistic provability, and that intuitionistic provability entails minimal provability.
Coherent formulas therefore correspond to a constructive fragment of higher-order
classical logic: for this fragment, we have provided an algorithm that transforms any
classical proof into a minimal proof, without modifying the proven statement.

The original Barr's theorem is stated for geometric formulas, an extension of
coherent formulas with infinite disjunctions. Barr's theorem admits proof-theoretical
demonstrations for the first-order coherent case [Pal02, Neg03] and the first-order
geometric case [Rat16, Neg21]. In this chapter, we gave a proof of the higher-order
coherent case, by extending Palmgren’s idea [Pal02]. In the next chapter, we propose to
extend Barr's theorem to the higher-order geometric case. To do so, we define a
higher-order infinitary logic.
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Chapter 6

Investigations on
Higher-Order Infinitary Logic

Higher-order logic and infinitary logic are two extensions of first-order logic that
allow greater expressivity. Both features have not been investigated together yet.
In this chapter, we define a higher-order infinitary logic, based on an extension of
simple type theory. The resulting logic features higher-order quantifiers, infinite
conjunctions and infinite disjunctions. We establish results at both the syntactic
level and the semantic level. We introduce a sound notion of model, and we
show a strong version of completeness that entails the cut-elimination theorem
for natural deduction. Moreover, we extend Barr's theorem to the higher-order
geometric case.

This chapter is adapted from [THA26].

Infinitary logic is an extension of first-order logic that allows infinite long statements,
or proofs with an infinite number of branches. This is typically achieved by featuring
infinite sequences of conjunctions, disjunctions or quantifiers. Such an expressive
power is useful when axiomatizing various mathematical concepts, but also when
formalizing problems from graph theory or epistemic logic [Rat16, Neg21]. Infinitary
logic was first coined by Zermelo [Tay10] for studying the foundations of set theory. It
was formally established by Karp [Kar64] and its properties were investigated
in [Bar69, Kei71]. Among those results is the cut-elimination theorem for infinitary
logics [LE6GS, Tai68, Fef68, Tak75, Neg21].

Geometric formulas are particular infinitary formulas, built using finite conjunctions,
infinite disjunctions and existential quantifiers. This is sufficient to formalize numerous
mathematical structures, like groups, rings and fields [Rat16, LM24]. Geometric formulas
are an extension of coherent formulas, that we investigated in Section 5.5. In particular,
we proved Barr's theorem for the higher-order coherent case, while the original Barr's
theorem is stated for the first-order geometric case.

Both infinitary and higher-order features have not been investigated together yet.

79
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Contributions. Inthis chapter, our aim is to define and study a higher-order infinitary
logic, and to extend Barr's theorem to higher-order geometric formulas.

First, we extend simple type theory with a type, a constructor, and destructors for
families of propositions indexed by an arbitrary countable set. We show that, in this
setting, the g-reduction neither satisfies strong normalization nor confluence, but every
well-typed term has a head normal form.

Second, we define a higher-order infinitary logic, along with cut-free natural
deduction inference rules. We define a sound notion of model. We prove a
completeness theorem with respect to the cut-free inference rules, allowing us to derive
the cut-elimination theorem. Our results apply for both the intuitionistic variant and the
classical variant of this logic.

Third, we show that Barr's theorem can be extended to higher-order infinitary logic,
allowing us to constructivize classical proofs of higher-order geometric implications.

Outline. We extend simple type theory with families of propositions in Section 6.1. We
define higher-order infinitary logic and its natural deduction system in Section 6.2. We
study its semantics and prove the cut-elimination theorem in Section 6.3. We prove Barr's
theorem in Section 6.4.

6.1 An Extension of Simple Type Theory

We want to model a higher-order infinitary logic, that is to have an infinite conjunction and
an infinite disjunction. In simple type theory, we cannot define function symbols taking
infinitely many arguments. That is why we extend simple type theory with a new type for
families of propositions indexed by an arbitrary countable set, along with a constructor
and destructors.

Definition 6.1

Types and terms are defined inductively:

Types 7,0 = v|lolog|T =0
Terms t,u,Aj, F == z|c|tu|Xe.t|{i— A}z |7 F

where ¢ is the type of individuals, o is the type of propositions, oz is the type of
families of propositions indexed by a countable set Z, x is a variable, cis a constant,
{i = A;}z is the family of propositions (A;)i;ez, and 7; F is the projection on the
j-th component of F.

Remark 6.2. It is also possible to define a type theory with multiple base types ¢y, ..., ., and
multiple types of families of propositions oz, . .., oz,

Free variables, substitutions, typing contexts and typing judgments are defined as for
simple type theory (see Section 3.3.1). The typing rules of our extension of simple type
theory are presented in Figure 6.1. Note that there is one Proj rule for each j € 7.

We write A for the set of terms of type 7. As Negri did for infinitary formulas [Neg21],
we restrict terms so that they do not have infinitely many free variables. This simplifies
the treatment of free variables in the All-l and Ex-E rules.
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c:TEX x:1el x:okt:T
—— Const — Var Abs
'ke: 7 I'txz:7 I'EX.t:o— 1
'tt:o—T1 'tu:o ' A;:oforeveryieZ
App - Fam
F'Ftu:T PE{i— Aj}z:o071
I'EF:of ]
Proj
I'Fm F:o

Figure 6.1: Typing rules of the extension of simple type theory.

Remark 6.3. Due to the typing rules of Figure 6.1, well-typed families {i — A;}1 are
necessarily of type oz, and well-typed projections m; F' are necessarily of type o.

Computation is introduced in this type theory through the usual 5-reduction rule and
n-contraction rule, extended with rules characterizing the projections.

Definition 6.4
We consider the following rules:
— the g-reduction rule (Az. t) u < t[z < u],
— the g-like projection rules 7; {i — A;}7 — Aj,
— the n-contraction rule \z. t x < t, where z is not free in ¢,
— the n-like rule {i — m; F}z < F.

The reduction relation < is the smallest relation that contains these rules and such
that:

— ift—=t,thentu—=t vandut— ut' and \z. t — \z. t'.

— if A; — B; foreveryi e J,where 7 # () and J C I, and A; = B; otherwise,
then {i — A;}7 — {i — B;}1,

— ifF<—>F’then7er<—>7rj F.

The relation = is the reflexive, symmetric and transitive closure of <.

The gr-reduction <3, and the gr-conversion =g, are defined like — and =, but
only considering the -reduction rule and the g-like projection rules.

Properties. We have extended simple type theory with families of propositions. We
have to check whether the intuition and expected results are confirmed.
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Lemma 6.5 (Substitution). IfT,z:0,AFt:7and T, At wu: o, thenT,AF t[x < u] : 7.

Proof. By inductionon T,z : o,A F t: 7. We only show the cases specific to families of
propositions.

— Fam: Suppose thatT',z : 0, A - A; : o for every i € Z. By induction hypotheses, we
have I', A - A;[z < u] : oforeveryi € Z. We derive I', A - {i — A;[z < u]}71 : o
using Fam.

— Proj: Suppose that ',z : 0, A I : oz. We have I', A = Flx < u] : o7 by induction
hypothesis. Using Proj, we derive I', A = 7; Fz < u] : o. O

Lemma 6.6 (Subject Reduction). IfT'Ft:7andt — u, thenT F u : 7.
Proof. By induction ont < w.

— Suppose that (\z. t') v < t/[x < v]. We necessarily have ',z : o - ' : 7 and
I'Fwv:o.BylLemma 6.5 we derive that T' - [z « v] : 7.

— Suppose that 7; {i — A;}7 — A;. We necessarily have I' - 7; {i — A;}7 : 0, and
thusT'F A, :o.

— Suppose that {i — m; F}7 < F. We necessarily haveI" + {i — m; F'}7 : oz, and
thusT'Fm; F:oand T F : o7.

— Suppose that Az. t * < t, where z is not free in t. We necessarily have
'FXe.tz:0—=7,andthusT'Ft:0 — 7.

— Suppose that A; < B; for everyi € J (where 7 # §)and J C I)and A; = B;
otherwise. We necessarily have I F {i — A;}7 : o7, henceT' F A; : o. Therefore
I'  B; : o (by induction hypothesis when i € 7 and by definition otherwise). It
follows thatI' - {i — B;}71 : o1.

— The other cases are proved similarly. O

Lemma 6.7. The j-reduction and the pBm-reduction relations are neither terminating nor
confluent.

Proof. For everyn € N*, let A,, be Pz = ...= P x, where P x occurs n times. Consider
the term (\z. {n — A, }n+) (Az. 1) ).

— On the one hand, this term reduces to (Az. {n — A, }n+) t[z < u] and therefore to
{n— An[z < t[z + ul]}n-.

— On the other hand, this term reduces to {n — A,[z < (Az. t) u]}n=.

Each term A, [z + (Az. t) u] reduces to A,[x < t[z + wu]] in n steps. But the family
{n — A,z < (Az. t) u]}n~ does not reduce to {n — A,[z < t[z < u]]}n~ in a finite
number of steps, as there will always be a proposition A, [x < (Az. t) u] that has not
yet reached A, [z «+ t[z + wu]]. This is a counter-example of both strong normalization
and confluence for the S-reduction relation. It also applies for the gr-reduction relation,
using m, {n — By, }y instead of ((A\z. t) u) and B,, instead of t[z < u]. O
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We shall see, however, that well-typed terms have gr-head-normal forms.

Definition 6.8: 5r-Head Normal Forms

pBm-head normal forms are inductively defined by:

— an application ¢t uy ... wu, where ¢ is a variable or a constant and possibly
n =0,

— aprojection 7; (t u1 ... u,) where t is a variable or a constant and possibly
n =20,

— an abstraction Az. t where ¢ is a Sm-head normal form,
— a family of propositions {i — A;}7.
A term has a Sw-head normal form when it is a gn-head normal form or when it

Br-reduces to a Sw-head normal form.

Remark 6.9. In the case for families of propositions {i — A;}z, we do not require every A;
to be a fw-head normal form. Otherwise, we could create a counter-example in which each
A, reaches a Sr-head normal form in n steps, so it would be impossible for the family of
propositions {n — A, }n to reach a sm-head normal form in a finite number of steps.

We show that every well-typed term has a g7-head normal form. To do so, we adapt
the well-known reducibility technique [Tai67, Gir72].

Definition 6.10
Let 7 be a type. The set of terms R; is defined by induction:

— When 7 € {1, 0}, aterm ¢ belongs to R, if and only if it is of type 7 and has a
Bm-head normal form.

— When 7 = oz, a term t belongs to R, if and only if it is of type oz, it has a
pr-head normal form, and for every i € Z, we have (m; t) € R,.

— When 7t =71 — 7, atermt belongs to R if and only if it is of type 71 — o, it
has a fw-head normal form, and for every termu € R,,, we have (t u) € R,,.

By definition, if t € R, then t is of type 7 and has a fn-head normal form.
Lemma 6.11. Let t,u be terms of type T such thatt — g, uw. If u € R, thent € R,.

Proof. By induction on the type 7. As u € R,, we know that u has a f7-head normal form,
and thus t also has a Sm-head normal form.

— If7 € {1,0}, we have t € R; by definition.

— If 7 = oz, then for every i € 7 we have (m; u) € R,. Since m; t <, m; u, we get
(m; t) € R, by induction hypothesis. Therefore ¢t € R,,.

— If T =7 — m, for everyv € R, we have (u v) € R,,. Since t v =g, u v, we get
(t v) € R, by induction hypothesis. Therefore t € R, . O
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Lemma 6.12. Lett uy ... u, be aterm of type t, with t a variable or a constant and possibly
n=20.Then (t uy ... u,) € R.

Proof. By induction on the type 7. Theterm¢ u; ... w, is directly a fm-head normal form
of type .

If 7 € {¢,0}, then (t u; ... u,) € R, by definition.

If 7 = oz, then for every i € Z we have m; (t u1 ... u,) € R, (as itis directly a
pr-head normal form of type o), and thus (t u; ... uy) € Ry,

If 7 = 71 — 7, then for everyv € R, we have (t u; ... u, v) € R., (by induction
hypothesis), and thus (t u; ... u,) € Ry —ry- O

Proposition 6.13

Let t be a term of type 7 and 6 be a substitution mapping each variable of type 7/
to an element of R,... We have t0 € R..

Proof. We proceed by induction on t.

If t is a variable, then we directly have t6 € R,.
If t is a constant, then t = t, and we have t € R, using Lemma 6.12.

If t is an application (u v), then u has type ¢ — 7 and v has type o. By induction
hypotheses, uf € R,—,, and v0 € R,. By definition of R,_. we have
t0 = (ub v0) € R,.

If tis an abstraction Az. t/, then 7 = 71 — 7 and t’ has type 7. We want to show that
td € R, thatis (A\z. t'0) € R.,_-,. By induction hypothesis, t'6 € R.,. It follows that
t'0 has a fw-head normal form and therefore that (Az. ¢9) has a fw-head normal
form. Letu € R;,. We have (Az. t'0) v — 3, t'[0, 2 < u]. We have t'[0, z + u] € R,
by induction hypothesis. Using Lemma 6.11, we get ((\z. t'0) u) € R.,. Therefore
(Az. t'0) € Ry —sry.

If t is a projection 7; F, then 7 = o and F' has type oz. By induction hypothesis,
Fo € R,,. Itfollows that (7; F0) € R,, thatis (7; F)0 € R,.

Suppose that ¢ is a family of propositions {i — A;}7. By definition, {i — A;0}zis a
pm-head normal form. By induction hypothesis, we have A;0 € R, for every j € 7.
We have 7; {i — A;0}7 — 3. Aj0. Using Lemma 6.11, we get ; {i — A0}z € R,.
Therefore {i — A;0}7 € R,,. O

Theorem 6.14

Every well-typed term has a f7-head normal form.

Proof. Lett be a term of type 7. We take the substitution # that maps each variable x of
type 7’ to itself. We have z € R, by Lemma 6.12. We apply Proposition 6.13 and we get
td =t € R,. By definition of R, t has a fw-head normal form. O



Chapter 6. Investigations on Higher-Order Infinitary Logic 85

Remark 6.15. Weak head normal forms can be defined like head normal forms, except that
the condition on t in the abstraction case is dropped. From Theorem 6.14, we directly get that
every well-typed term has a weak head normal form.

6.2 Higher-Order Infinitary Logic

Syntax. The logical constants defining the connectives and quantifiers are the same as
in higher-order logic (see Section 3.3.2), except that we replace the finite conjunction A
and the finite disjunction Vv of type o — o — o by the infinite conjunction A, and the
infinite disjunction \/; of type oz — o.

Example 6.16. Suppose that we want to model the interactions between researchers,
represented by terms of type .. We have several binary relations of type . — + — o, for
example coauthors, colleagues or friends. We want to know whether two researchers x and y
are related, no matter the number of intermediate researchers between them or the nature of
the relations involved. Intuitively, we check whether x and y are related in n steps, and we do
this until we have found such a n € N*. In our logic, we easily model this problem with

(H/R Rz y) V \/ {TL — dz1 ... Hzn_l.H’Rl .. Han RixxiN...NRy, zn—1 y}N\{U,l}

N\{0,1}
where 3'R quantifies over relations R that are coauthors, colleagues or friends—this can be
formalized using 3 and an equality predicate. This formula features an infinite disjunction and
higher-order quantifiers.

When taking y = Erdos, this problem generalizes Erd6s number to any kind of relations
between researchers. We exactly obtain Erdés number when the relations R; are coauthors.

Natural deduction. A context I is a finite sequence of formulas. We write T' + A
when A is derivable from I'. We write fv(¢1, ..., t,) for the set of free variables that occur
inthetermsty,...,t,. Remember that we always assume that terms have a finite number
of free variables.

The natural deduction rules for higher-order infinitary logic are those of higher-order
logic (Figure 3.1 and Figure 3.4), that are modified in two ways.

First, the Conv rule is stated with the conversion = and not only =g. Note that the
Conv rule implicitly requires that B is of type o.

Second, the natural deduction rules for the infinite conjunction and disjunction
generalize the usual natural deduction rules for the finite conjunction and disjunction:

I'+m; FforeveryieZ
: Y'E X Andinf FF/\IFAndlnf_E
TN, F Tk F
T'kn F . :
RN TF\/_F T,mFtCforeveryiel

OrInf-E

TE\/_F T'-C
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There is one rule AndInf-E and one rule OrlInf-I for each j € Z. Note that, due to the
OrInf-E and AndInf-1 inference rules, derivation trees possibly have an infinite width, but
each branch has a finite height.

The formula A A B (respectively AV B) is defined by A\ 13 {i — Ai} (0,1} (respectively
Vo {i = Aitpo1y) where 4g = A and A, = B. The inference rules for the finite
conjunction (And-I, And-EL, And-ER) and disjunction (Or-IL, Or-IR, Or-E) are particular cases
of those for the infinite conjunction and disjunction.

Lemma 6.17. The weakening rule, contraction rule and exchange rule are admissible.

IA+B IAJAJARB I'A,B,AFC
—————— Weak ——— Contr ————— Exch
LA AFB A, A+ B I,B,A,AFC
Proof. By induction on the derivation. 0O

Example 6.18 (Natural numbers). Let us define 0 of type «, and the successor function succ
of type . — 1. We also set an infix equality symbol = of type . — + — o, that satisfies the
reflexivity axiom Yx. x = x and Leibniz's law Yx Ny.NP. (x =y A P x) = P y. We encode the
induction principle using a higher-order quantification on any predicate P.

VP, ((P 0AVz. (P = P (succ 7)) = Va. P x) (Natind)

We also encode an infinitary formula, stating that natural numbers are iterated successors of
zero, where succ™ 0 means that the successor succ has been applied n times to 0.

V. \/N {n — x =succ" O}y (ItNat)
In higher-order infinitary logic, these two principles are equivalent.

— To prove that Natind implies 1tNat, we use the induction principle Natind with the
predicate Ax. \/y {n — x = succ™ O}n. We prove the base case with OrInf-l and
n = 0. We prove the induction step with OrInf-E, as once we assume that x = succ™ 0
for some n € N, it is easy to show that succx = succ"t! 0, and thus
Vy {n — succ x = succ” O}y.

— To prove that ItNat implies NatInd, we use OrInf-E with the infinite disjunction ItNat.
For every n € N, we have to prove P = assuming P 0 AVx. (P z = P (succ x)) and
x = succ™ 0. Using Leibniz’s law, it remains to show P (succ™ 0). To do so, we apply n
times the induction step from P 0.

We can therefore conveniently use either of the two principles.

Cuts. Unlike in sequent calculus, cuts in natural deduction may be defined with
various degrees of looseness. The restricted notion of cut is that of an introduction rule
immediately followed by its corresponding elimination rule.

Example 6.19 (Cut). The following proof

ABFA ™ A,B}—BAXd
ABFANB And-|
A BFA ANdEL
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contains a cut, as the And-1 is immediately followed by And-EL.

In natural deduction, there is also the notion of commutative cuts, that separate the
introduction and elimination rules of a single connective with a series of Or-E, OrInf-E and
Ex-E rules.

Example 6.20 (Commutative Cut). The following proof, whereI' = A, B,C'V D,

; rcra™ Tore ™ T.Dra ™~ F,DI—BAXd
TFcvD ™ T.CFAAB And-l DLDFARB And-l
' AAB i
LEARL ang

contains a commutative cut, as the rules And-I and And-EL are separated by Or-E.

Cut-free natural deduction. We define a cut-free natural deduction system
following [DHO7, DH12, GH15]. We introduce two restrictions of the turnstile I, to
respectively account for cut-free derivations (-1), and neutral cut-free derivations (V).
The cut-free natural deduction inference rules are given in Figure 6.2, where * is used
to denote either H+ or 1. The Coerce rule turns neutral cut-free proofs into cut-free
proofs. The natural deduction inference rules (with cuts) is obtained by ignoring the
adornment of the turnstile—the Coerce rule becomes vacuously admissible with the
plain turnstile relation.

The rules of Figure 6.2 precludes the traditional cuts. For instance, the proof of
Example 6.19, that contains a cut, cannot be expressed because the conclusion of And-|
is A, B+ A A B while the premise of And-ELis A, B ++ A A B.

The rules of Figure 6.2 additionally precludes the so-called commutative cuts. This
is because we have restricted the conclusion sequent of Or-E, OrInf-E and Ex-E, plus the
Bot-E rule, to be cut-free (1), rather than letting it being neutral (), as it would be the
case for lighter cut-free proof definitions. For instance, the proof of Example 6.20, that
contains a commutative cut, cannot be expressed with the cut-free rules, because the
conclusion of Or-E has to be I' T A A B while the premise of And-EL has to be I" -+ AA B.

For both the natural deduction system and the cut-free natural deduction system, we
consider either classical logic CL or intuitionistic logic IL—in which we do not have the
PEM rule. We write - when we consider the inference rules of L € {CL, IL}.

Lemma 6.21. The weakening rule, contraction rule and exchange rule are admissible for
and T,

LAF'B AJAJAH' B I'VA,B,AF*C
— Weak Contr Exch
AJAH" B AJAH" B IB,AJAF*C

Proof. By mutual induction on the derivation. O

Lemma 6.22 (Axiom Replacement). The following rule is admissible:

4 AAXHB

AX-R
AT, XH B
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'*A A=B L'k A
——— AX Conv Coerce
[AAF A ' B I A
I'AH'B '*A=B T+A
—|mp- Imp-E
I'-"A=B I+ B
I 7 FforeveryieZ !
m T yz AndInf-I '~ /\ZFAndlnf_E
TE A F T F
'z, F \ . 1 .
: R — I+ \/IF Iym FECfor every@elorlnf_E
T
e/ F T C
I't"Pz  z¢f(l,P) rHvPp
All-l —  AlE
'ty p ' Pt
FI—TPtE | rt3ap TI,Pz+HA x§éfv(F,P,A)E
—_— X_ -
r-t3p '+ A
rH L
—_ BotE —  _PEM
T A CH Av-A

Figure 6.2: Cut-free natural deduction rules of higher-order infinitary logic.

Proof. By induction on the derivation of A, A, ¥ +* B. Suppose I -+ A. We only show a
few cases.

— Andinf-I: Suppose A, A, 3 F' 7; F for every i € Z. By induction hypotheses, we get
AT, % ! 7; Ffor every i € . Using AndInf-l, we derive A, T, ¥ T N F.

— OrInf-E: Suppose A, A, % F \/;F and A, A, %, m F ' C for everyi € Z. By
induction hypotheses, we get A, T, > Vs Fand AT, X, m; F T C for every
i € Z. Using OrInf-E, we derive A, T, X +T C. O

6.3 Soundness, Strong Completeness and Cut
Elimination

In this section, we study the semantics of our higher-order infinitary logic. To do so, it is
important to take into account its non-extensional nature. To illustrate this feature, let P
be a predicate of type o — o. Without any further information on P, it is impossible to
show P L + P (L A L), although L and L A L are logically equivalent. Therefore, the
term L must receive a different interpretation than L A L, although we have
1y = Ly Ay Ly in any Heyting algebra H. This imposes a separation of the domain of
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interpretation of formulas M, from the Heyting algebra . To do so, we
resort to Heyting applicative structure, and we define a sound notion of model
following [DLO5, HLO8a, HLO8b].

Proving completeness amounts to exhibit a particular Heyting algebra, based on
provability. Instead of building the standard Lindenbaum algebra for the natural
deduction with cuts, we construct a cut-free Heyting algebra following [HLO8a, HLO8b],
that is based on Schiitte’s semi-valuations [Sch60, Smu68]. We use this Heyting algebra to
build a specific model, based on the V-complex technique [Pra68, Tak67, And71], ensuring
M, # H. This allows us to prove a strong version of completeness that entails the
cut-elimination theorem for higher-order infinitary logic in natural deduction.

Note that we establish a notion of model, based in Heyting algebras, for the
intuitionistic variant of higher-order infinitary logic. It also applies to the classical variant,
provided that we restrict the Heyting algebras # of the models to be Boolean algebras.
Moreover, the cut-free Heyting algebra we build is also a Boolean algebra, provided that
we are in classical logic. Therefore, all the results and constructions of this section apply
to both the intuitionistic variant and the classical variant.

We recall the preliminaries on Heyting algebras in Section 6.3.1. We define a sound
notion of model in Section 6.3.2. We build a cut-free-provability Heyting algebra and a
cut-free-provability model in Sections 6.3.3 and 6.3.4. We consider the classical variant of
higher-order infinitary logic in Section 6.3.5.

6.3.1 Preliminaries on Heyting Algebras
We recall that a Heyting algebra is an ordered lattice (H, <, A, V), where
— <is a partial order on #,
foranya,b,ceH, a<a

ifa<bandb<athena=15b
ifa<bandb<cthena<c

— Ais a binary greatest lower bound operator, called meet,
foranya,b,ce H, aNnb<a

aANb<b
ifc<aandc<bthenc<aAb

— Vs abinary largest upper bound operator, called join,
foranya,b,ce H, a<aVb

b<aVvd
ifa<candb<cthenaVvb<ec

— In addition, H is equipped with a relative pseudo-complement operator —, that
verifies the implication property:

foranya,b,ce H, aANb<cifandonlyifa<b—c
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A complete Heyting algebra is a Heyting algebra whose base lattice is complete, that is to
say, that enjoys arbitrary meets (/\) and joins (\/). The global maximum (empty meet)
and minimum (empty joint) will be denoted T4 and |4, respectively. The support ‘H of
the Heyting algebra will also denote the algebra itself. In any Heyting algebra, A and Vv
distribute over each other.

foranya,b,ceH, an(dVe)=(aAb)V(aAc)

Moreover, A distributes over \/, whenever the latter exists.
A Heyting algebra is a Boolean algebra when a V (a — L3) = Ty forany a € H.

6.3.2 Models for Higher-Order Infinitary Logic

The non-extensional nature of our higher-order infinitary logic imposes a separation of
the domain of interpretation of formulas M, from the Heyting algebra #. The latter
contains truth values, while the former carries more information. Both are linked
through a truth-value extraction function w : M, — H.

We adapt the notion of model introduced in [DLO5, HLO8a, HLO8b], that is based on
Heyting applicative structures.

Definition 6.23: Heyting Applicative Structure
A Heyting applicative structure is a quintuple (M, App, Const, w, 1) composed of:
— aset M, # () for each type 7, called domain,

— a function App, , : M, x M; — M, for each pair of types (7,0), and a
function App,, : Mo, X Z — M,

— an interpretation function Const, for each type 7, taking constants of type =
into M,

— a complete Heyting algebra H,
— afunctionw : M, — #H,

such that the following conditions are satisfied, for every m € M;_, and every
m' € My,

w(Const (L
w(App(App(Const(=), d1), d
w(App(Const(3;), m
w(App(Const(V,), m
w(App(Const(Az), m’
w(App(Const(\/7), m’

— J—”H

= w(d1) =y w(d2)
VdeMT w(App(m,d))
/\deM w(App(m,d))
Niez w(App(m/, 1))
= Viezw(App(m’,i))

)
)
)
)
)
)

When interpreting formulas in a model, and as soon as we have complete Heyting
algebras, there is not much difference between quantifiers and the infinitary connectives.
In both cases, we use arbitrary meets and joins: indexed by d € M, for the quantifiers
and indexed by i € Z for the infinitary connectives.
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An assignment is a function ¢ with finite support, such that for any variable z of type
7 of the support, p(x) is an element of M. The assignment ¢[d/x] is identical to ¢, save
on z, where p[d/x|(x) = d.

Definition 6.24: Model

Let (M, App, Const,w, H) be a Heyting applicative structure. A model is a function
[_]_ that maps a term of type 7 and an assignment (with a support containing fv(t))
to M., such that:

l[ce]l, = Const(c)

[[1’]]@ = ¢(z)
It U]]so = APP(MW [[U]]w)
[m; Fl, = App([F]y,J)
App([Az7- tolp,d) = [tlypjasal for every d € M,
App([{i = Ai}zlw.d) = [45]e foreveryjeZ
[tly, = [ule ift=u

By model, we will often refer to the combination of the Heyting applicative structure,
the model interpretation function above, and the assignment. With this notion, we can
state the soundness theorem.

WhenT = A44,..., A,, we write w([I']y) for w([Ai]y) A ... Aw([An]yp)-

Theorem 6.25: Soundness
If I = A then for any model w([I']y) < w([A]y).

Proof. By induction on the derivation. We show the cases for the infinitary connectives
and the case for PEM.

— AndInf-I: By induction hypotheses, we have w([I']y,) < w([m; F],) for everyi € T.
As we are in a complete Heyting algebra, we have w([I'],) < A;crw([mi FJ,), that

isw([I'y) < w([Az Fly)-

— AndInf-E: By induction hypothesis, we have w([I'ly) < w([Az Fly). By definition,
we have w([Az Fl,) = w(App(Const(Az), [Fle)) = Aiezw(App([Fle,i) =
Niez w([mi Fly). Therefore w([I']y) < Ajezw([mi Fly) < w([m; Fly).

— Orlinf-I: By induction hypothesis, we have w([I'],) < w([7; F],). We have
w([mj Flo) < Vierw(lmi Fly) = w([Vz Fl,). Therefore w([T,) < w([Vz Fly)-

— Orinf-E: By induction hypotheses, we have w([I'],) < V,.zw([m F],) and
w([I]y) A w([m Fly) < w([C]y) for any i € Z. Using the implication property, we
get w([m Fl,) < w([I']y) = w([C]y) for any i € Z. Therefore we derive

Viezw([mi Fly) < w([T],) = w([C]y). We get w([I']y) < w([T]y) = w([C],), and
thus w([I'],) < w([CTy). O
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6.3.3 The Cut-Free-Provability Heyting Algebra

We build a cut-free Heyting algebra following [HL08a, HLO8Db]. It is based on Schutte's
semi-valuations [Sch60, Smu68], that have been first used to show cut admissibility for
higher-order classical logic [Tak67, Pra68, And71]. Semi-valuations have been
subsequently extended to higher-order intuitionistic logic [Mae91, DLO5] and are
nowadays a versatile tool, that can be fine-tuned a number of ways and fits many
logics [HLO8a, HLO8b, Mae91, Oka02]. In this section, semi-valuations are embodied by
the upper and lower values [_] and |_|, that respectively represent the maximal and
minimal constraints that our target model interpretation should respect. This is the
essence of the model construction of Definition 6.32, that relies itself on
Proposition 6.31.

Definition 6.26: Upper Value

The upper value of the judgment I" - A, denoted [I' - A], is the set of contexts
{A|T,AF" Ais derivable}. We write [A] for [ A].

Definition 6.27: Cut-Free-Provability Algebra

Let H be the least set containing the [I' - A| forany IT', A, that is closed by arbitrary
intersection. Let < be C and A be N. Let arbitrary meets and joins of any set of
elements S C H be:

— A S =[S, the intersection of the elements of S,
— VS=({ceH|VseS,s <c}, the pseudo-union.

Foranya,be H,weleta—b=\{ceH|aANc<b}.

Note that forany S C #, the set {c € H | Vs € S, s < ¢} is not empty, as it contains at
least the set of all contexts. So arbitrary meets and joins always exist. Moreover, the
definition of arbitrary joins can be slightly simplified and proved to be equal to
VS = (N{[I'FA]|Vs € S,s < [T'F Al}. This is because any ¢ € H is of the form
Miex [Tk F Ax]. In the sequel, we will use either of those characterizations.

Proposition 6.28

‘H is a complete Heyting algebra.

Proof. By construction,  is an ordered lattice that enjoys arbitrary joins and meets. We
must check the implication property: a A b < cif and only if a < b — ¢. For the direct
implication, suppose a Ab < ¢. We have a C aand b A a < c¢. Therefore we derive
a<\{deH|bAd<c}=b—c

Let us show the reverse implication. Let I" € a A b and suppose thata < b — ¢. By
definition of H, we have ¢ = (", cx [Xx = Ci|. We want to show that X, I’ +T ¢, for each
ke K.Wehavel'ca<b—c=\{deH|bAnd<c}.

As an intermediate step, let us prove that d < [X;, '+ Cx| for any d such that
bAd<c. Let A € d. Upper values are provability-based, and therefore elements of H
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admit weakening, contraction and exchange. FromI' e band A € d, we thus getI',) A € b
and I'; A € d, and therefore ' A € b Ad < c. Thisentails ')A € [X;F Cy], i.e.,
A€ [, T'FCk|. Thusd < [X,T'F Cf| forany dsuchthatb Ad < c.
Since' € \/{d € H|bAd < ¢}, wederiveI' € [¥;,T'F Cy]. We therefore get
>k, I, T T Cy. By contraction, we derive ¥, T' T Cy.. O
Definition 6.29: Lower Value

Let s € H be a set of contexts. Its lower value is the least element of H that
contains s, i.e., [s| :=({c € H | s C c}. We write | A] for [{A}].

Lower values can be shown to be equalto [s] = {[TF A] € H|s C [T+ A]}. The
rationale behind | A| is the following:

[ € |A]ifandonlyif A, AT Bentails A,T ' B.

Lower values have strong links with the characterization of neutral proofs.
Lemma 6.30. /fT' -+ A, thenT < | A].

Proof. SupposeT' F+ Aand A, A+ B. We derive A, T' - B using Lemma 6.22. Therefore
wegetl' € |A]. O

The following property characterizes the lower and upper values for the connectives
and quantifiers. It will be of crucial importance, as identified by [Oka02, DLO5]. Note
that the inequalities for implication mix lower and upper values. More generally, for any
formula A, we have the inequality |A] < [A].

Proposition 6.31: Main Property

The lower and upper values respect the following constraints:

L] = 1
|A=B|] < [A]— |B] |A] = [B] < [A= B]
Vr Pl < Aiea, [P 1] Nien, P t] < [Vr P
13- P] < Viea, [P Viea, [Pt] < [3; P]
L/\I F| < /\ieI |7 F] /\zEI [m F] < (/\I F
VzF] < ViEZ Lmi F) \/iez [m Fl < [V F]

Proof. Each case involves the corresponding cut-free natural deduction rule. The cases for
the infinitary connectives are the added value of our work, compared to [HLO8a]. Those
four cases also faithfully represent the cases for the quantifiers.

— Implication (lower): Let us show |A=- B] A [A] < |B]. LetT' € |[A= B| A [A].
Suppose A, B ' C. Combining the proof

LA Weak

I'NA= B+ A=B RAiBMA"m{
I'NA=B+'B

AT, A= B+ C

A,BH'C

Ax-R
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and the definition of T' € |A = B|, we get A,I,T' ' C, and thus A,T" -1 C by
contraction. ThereforeI" € | B].

Implication (upper): LetI" € d such thatd < |A| — [B]. WehaveI'|A € |A] by
weakening of A € | A| (obtained using Lemma 6.30), and I, A € d by weakening of
I' ¢ d. HenceI', A € dA|A]. Using the implication property, we have dA |A| < [B],
and therefore I', A € [B]. Using the proof

IAF'B Imp-|
r-"A=nB

wegetl' € [A= B].

Infinite conjunction (lower): LetT' € |A;F| and j € Z. Suppose A,7; F ' B.
Combining the proof

AX
FH A, F
A% A% AndInf-E

N F v F A,m; FF' B
AN FH'B

Ax-R

and the definition of I' € |A\; F|, we get A, T +" B. It follows that " € |r; F| for
every j € Z,and thus |A\; F'] < [7; F']. Therefore [A; F| < \;cr |mi F.

Infinite conjunction (upper): LetI" € ;.7 [m; F']. Using the proof

I' -1 7 FforeveryicT
LY AL F

AndInf-|

wegetI' € [\, F].

Infinite disjunction (lower): Let I' € [\/;F|. Let (,cx [AxF By| be an upper
bound of all the |m; F|. As m; F € |m F|, we have m; F € [A F By| for any
k € K. Combining the proof

A Ay, FHY By foreveryieT

X

Ap,\V; FHY L F Ag,\/; F,m; F ' By foreveryicZ
Ag,\/7 F H' By

Weakening
OrInf-E

and T € |\ F|, we get Ay, I FT By. It follows that T' € (,cx [Ax F Bi], and
therefore |\/; F| < (Nyex [ArF Bil. As \/,c7 ™ F'] is an upper bound of all the

|mi F), we get [V F| < Vg | F.

Infinite disjunction (upper): Let j € Zand I" € [w; F'|. Using the proof

My F

— " Orinf
LA, E

we get I' € [\/; F|. Therefore [r; F'| < [\/; F] for every j € Z. It follows that
VieI[ﬂ-iFWS[VIF—" U
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6.3.4 The Cut-Free-Provability Model

To build the cut-free-provability model, we first define the domains M,. As our logic is
intensional, it is important to have M, # #. This calls for the so-called V-complex
construction, defined by Takahashi and Prawitz to show cut admissibility of classical
higher-order logic [Pra68, Tak67, And71]. The core of this construction is an
entanglement of a syntactic and a semantic value.

Definition 6.32: V-Complexes

We define the domain M, by induction on 7, as sets of pairs of the form ([t], v),
where ¢ is a term of type 7 and [t] is its =-equivalence class, and the following
conditions hold on v:

— for type «, v is a fixed constant, traditionally named «,
— fortypeo,v e Hand [t] <v < [t],

— for type 7 — o, v is a function of type M, — M, such that, for any
([u], ) € M, there exists some v/ such that v({[u], 1)) = ([t u], V") € My,

— for type oz, v is a function of type Z — M, such that, for any i € Z, there
exists some y; such that v(i) = ([m; t],v;) € M,.

We need to ensure that the domains M, are well-formed. We first check that the
definition does not depend on the chosen representatives of the =-equivalence classes:

— if [t] = [{'] then [t| = |¢'] and [t] = [¢'] (because of the Conv rule),
— ift' e [t]and v € [u] thent' v/ =t wand [t/ '] = [t u],
— ift’ € [t] then [m; t'] = [m; t] for every i € Z.
We also check the non-emptiness of these domains, thanks to the following lemma.

Lemma 6.33 (Canonical Representatives). For any term t of type T, there exists p(t) such
that ([t], (1)) € M.

Proof. The definition of p(_) is done by induction on the type 7. The verification that it
meets the requirements is performed altogether and is immediate, given that all the
manipulated structures are invariant under =. We let p(t,) = ¢, p(to) = [to]", p(t-—o) be
the function ([u;], v,) — ([t u], p(t w)), and p(t,,) be the function i — ([m; t], p(m; t)). O

We now define the interpretation of constants. We write ||_||; (respectively ||_||2) for
the projection of a member of M on its first (respectively second) component. Following
the definition of the domains, |_||1 returns an equivalence class. Since all our
constructions are invariant under =, it is sound, for any d € M, to define the term ||d||,
as a representative of the equivalence class ||d||;.

'The choice of [_] is arbitrary and represents, in certain circumstances, a valuable degree of
freedom.
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Definition 6.34: Interpretation of Constants

We let:
Const(L) := ([1],Ly)
Const(=) = ([=],([4]
Const(Vr) = ([V-],([F],
Const(3;) := (3], ([P
Const(Az) = ([Agh ([F]
Const(Vy) = ([Vgh ([P,
Const(c) = ([c]:p(c)

)=

[= A], ([B],b) = ([A= B],a = b)))
([ P, Adem, IP(d)]12))
(B P, Vaem, llp(d)l2))
(Az F], Niez £ (@D1l2))
(Vz Fls Viez 17 (@)]2))

non-logical constants

Lemma 6.35. The interpretation of constants are members of their respective domains.

Proof. For non-logical constants, the claim holds by Lemma 6.33. For logical constants,
proving the claim boils down to checking that the end truth value respects the conditions
of being a member of M,, that imposes the truth value to be bounded by the lower and
upper values. For this, we use Proposition 6.31.

— Contradiction: We directly have | L] = L.

— Implication: By definition, |A| < a < [A] and |B| < b < [B]. Remember that — is
contravariant in its left argument (if ¢ < ¢/, then ¢ — d < ¢— d). Therefore we have:

|A= B| < [A] —

— Quantifiers: By definition of ([P],

|B] <a—b< |A] = [B] <

[A— B]

p) € M, _,,, we have p(d) € M, foranyd € M., that

istosay | P ||d||-] < ||p(d)||2 < [P ||d||]. By Lemma 6.33,allt € A, are represented
in M by at least ([t], p(¢)), and lower and upper values are stable by =. Thus:

[Vr Pl < Niea, [P 1]

13- P] < Viea, [P 1]

ININA I

ININA I

/\deMT LP HdHrJ
Ndewm, [Ip(d)]12
Ndewm, [P lld]+]

Vaewm, P [1d]|-]
Viem, [P(d)]2
Viem, [P |ld]]

= Niea, [P t] < [V P]

= \/teAT [P ﬂ < ElT PW

— Infinitary connectives: By definition of ([F], f) € M,,, and for any i € Z, we have
|7 F| < f@)|]2 < [m; F]. Therefore:

WV F] < Viez Imi Fl < Viez 1F@)ll2 £ Viez [mi F1 < [V F
A2 F| < Niez Imi F] < Niez 1F@)ll2 < Njez [mi FT < [Nz F

O

We build the Heyting applicative structure by defining w as the second projection ||_||2,

and App so that App(m, d) = [|m||2(d) and App(m’, i) = [|m/||2(i).
Definition 6.36
We let:
w(([sv)) = v
Ap y V)a d) = V(d)
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Lemma 6.37. (M, App, Const,w, H) is a Heyting applicative structure.

Proof. The conditions for being a Heyting applicative structure are immediate using the
definitions of Const, App and w. We only highlight a few cases.

w(App(App(Const(=),d1),d2)) = w(([lld1ll» = [|dall+] [|d1l2 — [|dal|2))
= |ldill2 = [|dz]l2
= w(dl) —>w(d2)

w(App(Const(3;),m)) = w(([F7 [mll+], Vaem, llmll2(d)2))
Vaem, llmll2(d)]|2
= \/deMTw(App(mvd))

w(App(Const(A7),m")) = w({[AzlIm'[l], Aiez Illm/ll2(3)|2))
= Niez lIMll2@@)]]2
= /\ie[ w(App(m’, Z))

O

For any assignment ¢, we let ¢/, be any substitution that maps the variables = of
the support of ¢ to ||p(z)||,. Note that ||¢||, is not uniquely determined because each
=-equivalence class has many representatives.

Proposition 6.38

There exists a unique function [_] that satisfies all the conditions of Definition 6.24,
except the last one, and such that ||[t],||1 = [t|l¢||,] for any term ¢ with variables in
the support of .

Proof. We build [_] by induction on ¢ as the unique function that satisfies the conditions
of Definition 6.24, except the last one, and such that ||[t],|1 = [t||¢||-]. The cases for
constants and variables are immediate.

— Application: By induction hypotheses, [t], € M., and [u], € M, are uniquely
defined, and we have ||[t],]l1 = [tll¢ll-] and ||[u]sli = [u]l¢l/-]. As required by
Definition 6.24, we set [t u], := App([t]y, [u],) € M,. By definition of App and

M7—o, we have ([t ule |1 = [[App([t], [ulo)ll = [l ullell] = [ w)lell]-

— Abstraction: By definition of M;_, [Az.t], should be of the form
([w], ([u], vu) = ([w u], vyw)), With ([w u],vy,) € M, for every ([u],v,) € M;. The
condition ||[Az. t],[l1 = [(Az. t)|¢|lr] imposes

[w] = [(Az. )llelle] = - tlellr]

For every d = ([u],v,) € M, Definition 6.24 requires App([\z. t]y, d) = [t],(a/a)
that is ((w ul, vuw) = [tlp[a/2)- This imposes vy, = |[[t]y[a/2ll2 @nd is enforced
because

[wu] = [z tlellr) u] = [tlellr[z  ull = [tleld/]ll-] = [[teasalla

using the induction hypothesis. As ([w u},vuw) = [tle[a/2), We directly have
([w ul, vyw) € Mg
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— Projection: By induction hypothesis, ||[F]e|1 = [F|l¢|-]. By definition of M, it
follows that [Fl, = ([Fllell),i > ([mi Fllell,], 1), with ([r; Fllel],v) € Mo. As
required by Definition 6.24, we set [r; F], = App([Fl,,7) = ([7; Fll¢l], vj).
Therefore we have [m; Fl, € Mo and [[[m; Flollr = [m; Fllell] = [(m; F)llll:]-

— Family: By definition of M,;, [{i— A;}z], should be of the form
([t],i — ([mi t],vi)), with ([m; t],v;) € M, for every icZ. The condition
I{i = Ai}z]olh = {i = Ai}zllell,] imposes

1] = [{i = Aidzllell:] = {i = Adllellr}2]

For every j € Z, Definition 6.24 requires App([{i — A;i}zlx,J) = [Aj],. thatis

([m; t],v5) = [A;],. Thisimposes v; := ||[A4;],|2 and is enforced because
[mj 1] = [mj {i = Aillellr}z] = [Ajllelle] = 1TA;]e
using the induction hypothesis. O

Lemma 6.39 (Substitution). We have [tz < u]]y, = [t] e /fu],)-

Proof. By induction on t. The cases for constants and variables are immediate. The case
for application follows from the induction hypotheses. The case for abstraction is similar
to the case for family of propositions.

— Projection: We have [(7; F)[z < u]], = [7j Flz < u]], = App([F[z < u]]y, j). By
induction hypothesis, we have [Flz < u]l, = [Flyw/,)- It follows that
[(m; F)z < ullp = App([F oz /[u),)s 3) = 175 Flofe)[u),)-

— Family: By definition, we have App([{i — A;[x < u]}z],,7) = [Aj[z + u]], and
App([{i = Aizlou),/apd) = [Ajleu), 20 Using the induction hypothesis, it
follows that App([[{i — AZ[ZC — u]}zﬂw,j) = App([[{i — Az}I]]tp[[[u]]@/xbj) This
entails [|[{i = Ai[z < ul}z]olle = [[{i = Ai}zle[fu],/all2 Py definition of App
and M,,. Moreover, by Proposition 6.38, we have ||[{i — A;[z « u]}z], |1 =

{i = Ailz — ulizllell,] = [{i = Adzllollulo /2] = I{i = Ai}z]gipu), /a1 We
conclude [{i — A;[z < ul}z], = [{i = Ai}z]o(pu),/a)- O

Proposition 6.40: Model

[_] is a model.

Proof. It only remains to show that [t], = [u], when t = u. We show it by induction on
the derivation of ¢ = w.

— We have [(Az. t) ul, = App([Az. t]p, [uly) = [tlefe/[u),)- USing Lemma 6.39, we
derive [(Az. t) u], = [t[x < ul],.
— We directly have [r; {i — A;}z], = App([{i — Ai}z]e. J) = [Aj]e-

— We have [[[Az. t 2]olly = [(Az. t2)[[ell,] = A tllellr 2] = [tlell-] = [[tlell2 by
Proposition 6.38. Moreover, for any d € M., we have

App([Az. t 2]y, d) = [t x]pia/2) = APP([t]pia/a)s [2]pfasa]) = ArP([t]y, d)

By definition of App and M,_,,, this entails |[[Az. t z],||2 = ||[t],]|2. Therefore we
conclude [Az. t z], = [t],.
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— We have [[{i = m Fizlhi = [{i=m Fizlel] = [Fllell]l = [[[Flell by
Proposition 6.38. Moreover, for any j € Z, we have

App([{i — mi F}z]y,5) = [m; Fl, = App([F], 5)

By definition of App and M,,,, this entails ||[{i — 7; F'}z]o|l2 = ||[F],l2. Therefore
we conclude [{i — m; F}z], = [Fo.

— The other cases follow from the induction hypotheses. 0O

We use this specific model to show the strong completeness result.

Ifw([T]y) < w([A],) for any model, then T - A.

Proof. We use the interpretation in the Heyting applicative structure above with the
assignment ¢ = [z < ([z], p(x))]. LetT' = Ay,..., A,. We know that [4;], € M,. Its first
member is [|[A;],|l1 = [As] by Proposition 6.38 and by construction of ¢. Its second
member is w([A;],). Therefore [A;] < w([Ai],). AsT € [A;], we have I' € w([A;i],).
Thus I' € w([I'ly). Similarly, [A], € M,, so w([A],) < [A]. By hypothesis, we derive
I' € [A]. We conclude T T A. O

The cut-elimination theorem is now easy to derive.

fTH AthenT T A.

Proof. Immediate combination of Theorems 6.25 and 6.41. O

Remark 6.43. This cut-elimination result for natural deduction could be transferred to
sequent calculus, using a translation from cut-free natural deduction to cut-free sequent
calculus [DWO3].

6.3.5 Models for the Classical Variant

The definitions, constructions and results developed in Section 6.3 for the intuitionistic
variant of higher-order infinitary logic also apply to the classical variant.

The notion of model we have established for the intuitionistic variant, based on
Heyting algebras, also applies to the classical variant, provided that we restrict the
definition to Boolean algebras. We recall that a Heyting algebra is a Boolean algebra
whenaV (a — Ly) =Ty foranya € H.

Soundness. The soundness result (Theorem 6.25) hold for the classical variant of
higher-order infinitary logic. We modify the proof by adding the PEM case. We have
w([AV -A4],) = w([A]y) Vw([~A]ly) = w([A]e) V (w([A],) = L3). As H is Boolean, we
have w([A]y) V (w([A]y) = Ly) = T4, and therefore w([I']y,) < w([AV —~A]y).



100 Chapter 6. Investigations on Higher-Order Infinitary Logic

Strong Completeness and Cut Elimination. The cut-free-provability Heyting
algebra we have built in Definition 6.27 is also a Boolean algebra, provided that the
provability is classical, i.e., provided that we are in classical logic. To show this, it is key to
characterize a — L4 following [Mae91].

Proposition 6.44

Foranya € H,wehavea — Ly ={I'|a < [T'F L]}.

The proofrelies on the following intermediate lemma, which states that the Bot-E rule
is admissible when using - in the premise and conclusion.

Lemma 6.45. /fT " L, thenT T A for any A.

Proof. We prove a stronger result: if ' T B with B = 1, thenT' - A for any A. We
proceed by induction on the derivation.

— Conv: Suppose I' T C with C = B. As B = 1, we have C = 1. By induction
hypothesis, we have I" -1 A.

— Coerce: Suppose I' -+ B with B = 1. We have I' -+ L using Conv. Using Bot-E, we
getT HT A,

— OrlInf-E: Suppose I' + \/; Fand I',m; F ' C foreveryi € Z, with C = L. By
induction hypotheses, we have I',m; F F' A for every i € Z. Using Orinf-E, we
derive I -1 A.

— Ex-E: SupposeI' H+ 3 Pand T, P z ' C with C = L. By induction hypothesis, we
haveT, P z F' A. Using Ex-E, we derive T' FT A.

— Bot-E: Suppose I' H+ L. Using Bot-E, we get " T A.

— The cases Ax, Imp-E, AndInf-E, All-E and PEM do not apply as the conclusion of these
rules uses . The cases Imp-l, AndInf-I, Orinf-I, All-l and Ex-l do not apply as the
formula in the conclusion of these rules cannot be convertible to 1. O

Proof of Proposition 6.44. Letusshowa — Ly <{T'|a < [I'F L]}. LetT € a — L. Let
A € a. Uppervalues are provability-based, and therefore elements of H admit weakening,
contraction and exchange. It follows that ', A € a — 14 and ', A € a. Therefore we get
I'N'A €ea— 1y ANa Weknowthata — 1y < a— 1y, andthusa — 1y Aa < 1y by
the implication property. We derive I'; A € 1y = |L] < [L]. Thus A € [T'F L]. We
concludea < [I'F L] foranyI' €a— Ly, andthena — Ly <{T'|a < [T'F L]}

Let us show {T' | a < [T'F L]} < a — Ly. Using the implication property, this is
equivalentto{I' | a < [T'F L]} Aa < Ly. LetT’ € asuchthata < [I'F L]. Therefore
I,I' " 1, and thus T FT L by contraction. Using weakening and Lemma 6.45, we derive
A, T " B for any B and I'. It follows that I' € | L], that is I' € 13. We conclude
{T'la<[I'F L]} ANa< L1y O

Proposition 6.46

In classical logic, H is a Boolean algebra.
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Before proving that H is Boolean, we show some intermediate lemmas.
Lemma 6.47 (Kleene's Inversion Lemma). IfT'+* A= BthenT,A+* B.

Proof. For -+, we haveI', A = A = B using Weak. We also have I, A T A using Ax and
Coerce. Thus we derive I', A -+ B using Imp-E.
For FT, we prove a stronger result: if ' FT C with C = A= BthenT,A ' B. We
proceed by induction on the derivation of T' -1 C.
— Conv: SupposeI' FT Dwith D = C. AsC = A= B,we have D = A = B. By
induction hypothesis, we have T', A -1 B.

— Coerce: Suppose I' + C with C = A = B. Using Conv, we have I -+ A = B. By
Kleene's inversion lemma on +, we get T', A -+ B. Therefore we derive ', A - B
using Coerce.

— Imp-I: We directly have T', A T B.

— OrlInf-E: Suppose I' ++ \/; FandI',m; F ' C for every i € Z, with C = A = B.
By induction hypotheses and Exch, we have I', A, w; F T B for every i € Z. Using
OrInf-E, we derive I", A -1 B.

— Ex-E: SupposeT'H 3 Pand T, P z ' C, with C = A= B. By induction hypothesis
and Exch, we have T, A, P = +' B. Using Ex-E, we derive I", A F' B.

— Bot-E: Suppose I' H L. Using Weak and Bot-E, we get T', A T B.

— The cases Ax, Imp-E, AndInf-E, All-E and PEM do not apply as the conclusion of these
rules uses . The cases AndInf-l, Orinf-l, All-l and Ex-l do not apply as the formula
in the conclusion of these rules cannot be convertible to A = B. 0O

Lemma 6.48. /fT' ' AthenT F' ——A.

Proof. Using Weak, we getT', A = | T A. Using Imp-E and Ax, we derive ', A = 1 -+ L.
Using Coerce and Imp-I, we conclude I" T —— A, O

Proof of Proposition 6.46. We want to prove a V (a — L4) = Ty. By definition of the
Heyting algebra, we have a V (a — Ly) = (ex [T - Ax| for some Ay and I'y. Let
(e K.Wehavea <aV(a— Lly) = e [TxF Ar] < [Te - Ag]. Using Lemma 6.48,
it follows that a < [T’y F =—A,]. Using Lemma 6.47, we derive a < [T'y,— Ay F L]. Using
Proposition 6.44, we deriveI'y, = Ay € a— L. Sincea— Ly < (g [Tx F Ax], we havein
particularT'y, A, € [Ty - A/],i.e, Ty, Ty, ~A, FT A, By contraction, we getT'y, ~A, FT A,.
Using Ax and Coerce, we also have I'y, A, T A,. Using PEM on A, and Or-E, we derive
Iy T A It follows that Ty < [Ty = A,]. We also have [T, - A;] < T4, and therefore
[Ty Ayl = Ty foranyl € K. Weconcludea V (a — Ly) = (ex [Te F Ar] = Ty O

Remark 6.49. Although we proved Lemmas 6.45, 6.47 and 6.48 and Proposition 6.44 in order
to define models of the classical variant of higher-order infinitary logic, these results hold for
both the intuitionistic variant and the classical variant. The only place where PEM is needed is
in the proof of Proposition 6.46.

The strong completeness result (Theorem 6.41) and the cut-elimination theorem
(Theorem 6.42) hold for the classical variant of higher-order infinitary logic. The proofs
are unchanged compared to the intuitionistic variant: the cut-free-provability model
now refer to the cut-free-provability Boolean algebra.
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6.4 Barr's Theorem for Higher-Order Geometric
Theories

Geometric formulas are built using finite conjunctions, infinite disjunctions and existential
quantifiers. Geometric implications are formulas of the form VZ.A or VZ.(A = B), where
A and B are geometric formulas and Z is a finite sequence of variables (possibly empty).
A theory T is geometric when all its axioms are geometric implications. Barr's theorem
states that, in infinitary logic, any geometric implication that is classically provable in a
geometric theory is also intuitionistically provable in the same theory.

In this section, we extend Barr's theorem [Bar74] to higher-order geometric theories.
As in Chapter 5 and in [Pal02, vdB19], we follow the approach based on Friedman's
translation [Fri78]. Throughout this section, we consider a higher-order infinitary logic
with infinite disjunctions, but with finite conjunctions. As we will explain in Remark 6.53,
this is because, intuitively, infinite conjunctions behave similarly to universal quantifiers.
Moreover, we only consider geometric implications of the form VZ.(A = B), as the case
V. A s easier.

6.4.1 Monad Translation for Higher-Order Infinitary Logic

We adapt the monad translation defined in Chapter 5 so that it takes into account the
constructor and destructors for families of propositions.

Definition 6.50: Monad Translation for Higher-Order Infinitary Logic

Let A be a formula in higher-order infinitary logic. Its monad translation is A” :=
T Ar, where t — tp is inductively defined by:

a7 = T
Ap.Ve. T(pzx) ife=V
cr = Ap. A\g.p=Tq ifc==
c otherwise
(A\z. t)r = Azx.tr
(t u)r = tpur
({i = Aidr)r = {i— (Ai)r}z
(ﬂ’j F)T = T FT

As we are in higher-order logic, our translation must commute with substitution and
preserve convertibility. Note that all the results of this section also hold if we only consider
the g-reduction rule and the §-like projection rules.
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Proposition 6.51
Let t and u be terms, and A and B be higher-order infinitary formulas.
1. (t[z + w])r = tr[z « wr).
2. (Alz + w]))T = AT [z « wr).
3. Ift — uthenitr — ur.
4. If t = u then ¢t = uy.
5

. If A= Bthen Ay = By and AT = BT,

Proof. We adapt the proofs of Proposition 5.5, Corollary 5.6, Proposition 5.7, Corollary 5.8
and Corollary 5.9. O

6.4.2 Translation from Classical Logic to Intuitionistic Logic

We prove that the Kuroda-style Friedman'’s translation for higher-order logic with infinite
disjunctions goes from classical logic to intuitionistic logic. Let us remark that
Proposition 5.3 also holds in higher-order infinitary logic.

Theorem 6.52

Let TA := (A= R) = R with parameter R. Let A be a formula and I" be a context
in higher-order infinitary logic. If T ¢, A then I'p by AT

Proof. We proceed by induction on the derivation. We only show the new cases,
compared to Lemma 5.21.

— Orlinf-I: By induction hypothesis, we have I'r by T'(w; Fr). Using Ax, we have
I'r,mj Fr by m; Fr. Using Orinf-l, we get I'r, m; Fr by \/7 Fr. Using Imp-l and
Proposition 5.3(2), we derive I'y by T'(w; Frr) = T(\/7 Fr). We conclude using the
induction hypothesis.

— OrlInf-E: By induction hypotheses, we have I'z - T'(\/; Frr) and I'p, m; Fr by TCr
foreveryi € Z. By Ax, we have I'r, \/; Fr by /7 Frr. By weakening of the induction
hypotheses, we have I'r,\/; Fr,m; Fr by TCr for every ¢ € Z. Therefore, we
derive I'r, \/; Fr by TCr using OrInf-E. We get I'r . T'(\/; Fr) = TCr using
Imp-1 and (bind). We conclude using Imp-E with the first induction hypothesis. [

Remark 6.53. The And-/ case crucially depends on . (TAANTB) = T(A A B). Similarly,
the Andinf-I case would crucially depend on . (A; TF) = T(\/; F). However, the proof of
Fiw (TAANTB)=T(AA B) does not extend to a proof of =i (A7 TF)=T(\/1 F). This is not
surprising: (N TF)=T(\/7 F) is very similar to (Vx.T A) = T (Vx.A), which generalizes the
double-negation shift and does not hold in intuitionistic logic. This explains why, in this section,
we consider finite conjunctions and not infinite conjunctions.
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6.4.3 Constructivization for Geometric Theories

Geometric formulas do not contain implications or universal quantifiers, while the
translation ¢ — tp only inserts T" after universal quantifiers and on the right-hand side of
implications. It follows that for any geometric formula A, we directly have A7 = A. The
same result does not hold for geometric implications V#.(A = B). But geometric
implications imply their translation.

Lemma 6.54. Let A and B be higher-order geometric formulas, and  be a finite sequence of
variables (possibly empty). We have - (VZ.(A= B))= (VZ.(A= B))r.

Proof. Similar to Lemma 5.23. O

Theorem 6.55

Let T be a higher-order geometric theory, A and B be higher-order geometric
formulas, and Z be a finite sequence of variables (possibly empty). If ¢ VZ.(A=B)
in T then - VZ.(A= B)inT.

Proof. Similar to Theorem 5.24, except that we refer to Lemma 6.54 instead of
Lemma 5.23, and to Theorem 6.52 instead of Lemma 5.21. 0O

6.5 Conclusion

We have extended simple type theory with a type, a constructor and destructors for
families of propositions indexed by an arbitrary countable set. In this setting, the
p-reduction neither satisfies strong normalization nor confluence. However, every
well-typed term has a head normal form.

We have defined a higher-order infinitary logic based on this type theory. It features
higher-order quantifiers as well as conjunctions and disjunctions indexed by an arbitrary
countable set. We have defined a cut-free natural deduction system that precludes
traditional cuts and commutative cuts.

We have investigated the semantics of this higher-order infinitary logic, for both the
intuitionistic variant and the classical variant. We have defined a sound notion of model
based on Heyting and Boolean algebras, and we have shown a strong notion of
completeness based on V-complexes. These constructions allow us to derive the
cut-elimination theorem for natural deduction.

Besides the elimination of cuts from proofs, we also studied the elimination of the
principle of excluded middle. We have extended Barr's theorem to higher-order
geometric theories. In other words, any geometric implication that is classically provable
in a geometric theory is also intuitionistically provable in the same theory.
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Chapter 7

Introduction of Part Il

Logical Frameworks

The Automath project [dB80], launched in the late 1960s, aimed at developing a tool for
formalizing mathematics. As explained by de Bruijn, the goal was to be independent of
any particular logic:

“The Automath system is like a big restaurant that serves all sorts of food: vegetarian, kosher,
or anything else the customer wants. The languages are not tied to any logical system: hardly
any logic has been built in."

This idea led to the development of logical frameworks [Pfe01], that are meta-languages
for formalizing deductive systems. Logical frameworks provide an environment with basic
features, and users encode the language, axioms and inference rules. The definitions
encoded by the users are called theories.

Isabelle [Pau94] is a logical framework based on a minimal version of higher-order
logic. It has been extended with additional features, such as the Sledgehammer
tool [PSO7], that calls external automated theorem provers, or Isabelle/Isar [Wen99],
that allows human-readable proofs. Notable theories encoded in Isabelle include
Zermelo-Fraenkel set theory, called Isabelle/ZF [Pau93], and higher-order logic, called
Isabelle/HOL [NPWO2]. Isabelle/HOL has many libraries, for example related to algebra,
analysis or Hoare logic [Nip02].

The well-known Edinburgh Logical Framework [HHP93] is a logical framework based
on dependently typed A-calculus. It relies on the Curry-Howard correspondence:
judgments are represented as types, and proofs of a given judgment are represented as
terms of the corresponding type. Proof checking is thus reduced to type checking.

A variety of extensions of the Edinburgh Logical Framework has been developed,
including with logic programming in Twelf [PS99], abstraction over contexts in
Beluga [PD10], side conditions in LFSC [SOR'13], monadic side conditions in
LLFp» [HLMS17], and user-definable features in MMT [Rab18]. Many different logics can
be encoded in the Edinburgh Logical Framework, including first-order and higher-order
logics [HHP93], modal logics [AHMP92, AHMP98], foundations of mathematics [IR11]
and Hoare logic [AHMP92].
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The )\lI-Calculus Modulo Rewriting

The All-calculus modulo rewriting [CD07] extends the Edinburgh Logical Framework with
user-defined rewrite rules. The user can define certain notions through rewrite rules
instead of axioms. For instance, the axioms

r+0==x
x + succ y = succ (z +y)

can be replaced by the rewrite rules

4+ 0=z

x 4 succ y < succ (z + y)

In appearance insignificant, this deeply changes the behavior of the framework. In
particular, terms are now considered modulo the congruence relation =gz, generated
by the usual S-reduction rule and by the user-defined rewrite rules. It follows that
derivations in the All-calculus modulo rewriting are based not only on deduction, but
also on computation. While deductive steps of the derivations are written by the user,
the computational parts of the derivations are directly managed by the framework. For
instance, instead of proving that 2 + 2 = 4 using the axioms, we only prove that 4 = 4, as
the framework computes that 2 + 2 =g 4 using the rewrite rules. This results in a more
user-friendly logical framework, in which part of the work is discharged to the system.
The All-calculus modulo rewriting has been implemented in the Dedukti proof
language [Sai15, ABCT16] and the Lambdapi proof assistant [HB20]. Many different logic
and formal systems can be encoded in the All-calculus modulo rewriting and Dedukti,
such as predicate logic, Simple Type Theory and the Calculus of Constructions [BDG23].

Interoperability between Proof Systems

Interoperability between proof systems can be achieved by defining one-to-one
translations. For example, translations have been defined from HOL and HOL Light to
Isabelle/HOL [0S06], from lIsabelle/HOL to HOL Light [McL06], from HOL Light to
Rocq [KW10], or from Maude to Lean [RR25].

Alternatively, it is possible to use a logical framework as a middleware. To exchange
a proof from a proof system A to a proof system B, we proceed in three steps:

1. We import the proof from A to the encoding of A in the logical framework,

2. We translate, within the logical framework, the proof from the encoding of A to the
encoding of B,

3. We export the proof from the encoding of B to B.

The advantage of this technique is that it treats all the translations uniformly, using the
logical framework as a common language.

The All-calculus modulo rewriting and Dedukti have been designed to act as a bridge
between proof systems. As a case in point, the logic of many proof assistants can be
expressed inside the All-calculus modulo rewriting [Thi20]. Dedukti was used to translate
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the Matita arithmetic library, that includes Fermat's Little Theorem, to Rocq, Lean and PVS
in [Thi20], and to Agda in [FB24]. The HOL Light standard library was exported to Rocq,
using Dedukti [Bla24]. As a consequence, exchanging proofs between different theories
encoded in the AlI-calculus modulo rewriting strengthens the interoperability between
proof systems.

Related work: Universal Proof Libraries

So far, we have addressed the large number of proof systems and proof libraries under
the prism of interoperability. A complementary approach is to build a universal proof
library, that aims at organizing, managing and retrieving all this mathematical knowledge.

The Formal Digital Library [ABC*04] is a prototype universal library, based on a data
structure that allows representing definitions, theorems, proofs and even articles. It
gathers knowledge coming from Nuprl and PVS.

The Logosphere project [SPKT] aimed at building such a universal proof library,
using the Edinburgh Logical Framework. HOL and Nuprl were encoded in Twelf, and a
translation was established from the HOL encoding to the Nurpl encoding [SS06]. The
LATIN project [CHK™11] built an atlas of logic and logic translations, based on the
Edinburgh Logical Framework and implemented in Twelf. This library puts a particular
emphasis on the modularity between logics, that is their inheritance relationships. The
LATIN project was revised from scratch using the MMT system [Rab18].

The Logipedia encyclopedia [DT20, Thi20] features theorems and proofs expressed
in different proof systems, such as Rocq, Matita, Lean and PVS. This allows the user to
compare the different formalizations of the theorem. The encyclopedia contains in
particular an arithmetic library of proofs obtained from Matita and translated to other
systems using Dedukti.

Contributions of Part I

In Part Il, our goal is to develop techniques to exchange proofs between different
theories of the All-calculus modulo rewriting.

In Chapter 8, we present the preliminaries to address Part Il. We recall the syntax of the
AMI-calculus modulo rewriting and of the Dedukti proof language. We highlight several
examples of theories encoded in the All-calculus modulo rewriting.

In Chapter 9, we focus on theories of the All-calculus modulo rewriting that feature
higher-order logic. We translate them from classical logic to intuitionistic logic, by
extending Kuroda's double-negation translation to the All-calculus modulo rewriting. To
do so, we adapt the translation of Chapter 4 and take into account three additional
features, namely dependent types, rewrite rules, and the Curry-Howard
correspondence. We implement this translation in Dedukti.

In Chapter 10, we define different translation mechanisms for the All-calculus modulo
rewriting. In particular, we extend theory morphisms and logical relations from the
Edinburgh Logic Framework to the All-calculus modulo rewriting. These translations are
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guaranteed to be correct, provided that the parameters supplied by the user are correct.
These templates can be instantiated by the user to generate translations between
theories of the AII-calculus modulo rewriting. We apply these translation templates to
various theories, allowing us to analyze in practice the advantages and drawbacks of
rewriting. We implement the translation templates in Dedukti.



Chapter 8

Preliminaries: A Logical
Framework with Rewriting

In this chapter, we present the necessary preliminaries to apprehend Part Il. We
give an overview of All-calculus modulo rewriting and Dedukti. We describe how
rewriting can be leveraged to encode theories inside this logical framework.

The Edinburgh Logical Framework [HHP93], also known as LF or All-calculus, extends
simply typed A-calculus (as described in Chapter 3) with dependent types. The All-calculus
modulo rewriting [CD07], abbreviated AII/R, extends LF with user-defined rewrite rules.

Dependent types [Hof97] are types that depend on a value. In particular, LF and
AMI/R feature dependent function types Ilz : A. B. The variable x may occur in B, thus
introducing a dependency. Dependent function types Ilx : A. B generalize function
types A — B. In programming languages with dependent types, vectors indexed by
their lengths are for example encoded using the type IIn : nat. vec n.

Rewrite rules [DJ91] are pairs of terms, written ¢ — r, where / is the left-hand side and
r is the right-hand side. They allow replacing, in terms, instances of £ with . Rewrite rules
¢ — r correspond to oriented equations ¢ = r. This orientation is useful when defining
algorithmic procedures that check equality between terms.

8.1 The M\lI-Calculus Modulo Rewriting

In this section, we present the syntax of AIl/R, its conversion and typing rules, and then
give an overview of its main meta-properties.

8.1.1 Syntax

The terms of AII/R are divided into three levels: objects (denoted by M and N), types
(denoted by A and B), and kinds (denoted by K).
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Definition 8.1: Syntax of \II/R

The syntax of AII/R is given by the following grammars:

Objects M,N:=c|z| x:AM|MN

Types A Bu=a|llx:A. B|Xx:A B|AM
Kinds K ==Type |llz: A. K

Terms t,u,v,T =M | A| K | Kind

where c is an object constant, a is a type constant, and z is a variable.

Dependent types Ilz : A. B (respectively I1x : A. K) are written A — B (respectively
A — K) when z does not occur in B (respectively K). Applications (t M) N are written
t M N, and dependent types IIz : A. (Ily : B. t) are written IIz : A. Ily : B. t. For
simplicity, abstractions Az : A. Ay : A.t are written Ax,y: A.t, and dependent types
IMx : A. Iy : A. t are written Iz, y : A. t. In abstractions and dependent types, we may
omit the type of bound variables when it is clear.

Substitutions 6 associate terms to variables. We write t6 for the result of the capture-
avoiding substitution 6 in the term ¢ (i.e., possibly renaming bound variables of ¢ to avoid
capturing free variables). Contexts I' are used to specify the type of the free variables, and
theories T are used to declare the constants and rewrite rules considered by the users.
Substitutions, contexts and theories are finite sequences, and are written @ when empty.

Rewrite rules are pairs M — N or A — B. We only consider rewrite rules ¢ — r such
that the free variables of r are also free in ¢, and such that ¢ is algebraic but not simply a
variable. A term is called algebraic when it is a variable or the application of a constant to
algebraic arguments. These two conditions allow inferring the types of all free variables
in a rewrite rule from their occurrences in ¢. Therefore, we do not need to specify the
context that binds the free variables of rewrite rules.

Definition 8.2

Substitutions, contexts and theories of AII/R are defined by:

Substitutions =20,z N
Contexts =g |lxz:A
Theories T=g|T,c:A|T,a:K|T, M—>N|T, A— B

In the syntax of terms, abstractions and dependent types only abstract over variables
x of type A, and not variable z of kind K. Similarly, contexts only declare variables z of
type A, and not variable x of kind K.

We write dom(I") for the domain of I', and dom(T) for the domain of T.

8.1.2 Conversion

The conversion =g, also called definitional equality, is generated by the usual
B-reduction rule and by the user-defined rewrite rules. As rewrite rules are specified in
the theory, it follows that every theory has a specific conversion relation.
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Definition 8.3: Conversion =4

The relation < g is the smallest relation such that:
— (A : A. M) N —gr Mz < N]and (Ax : A. B) N —gr Blzx < N],
— If¢ — r € T then £0 — 3 r6 for any substitution 6,

— If M —ggr M’ then

MN <z M N AM <zr AM
N M —BR N M’ Ar: A M “—BR Ar: A M

— If A —gr A’ then

AM <pr A'M Mz:A B <pr llz:A. B
A A M —pp Mx:ALM z:B. A <—pggp Ilz:B. A
A :A B —pr Mx:A.B Hr:A K <—pgp Iz: ALK

Ax:B. A —pr Mx:B. A

— If K —pg K'thenIlz : A. K —pr Hz : A. K,

The conversion =g is the reflexive, symmetric and transitive closure of < zx.

Remark 8.4 (n-Conversion). Logical frameworks are often presented with n-conversion, as it
is necessary for some meta-properties such as adequacy. However, the combination of
rewriting and n-conversion is subtle and must be handled carefully [KIo80, Bla16]. That is why
AMI/R has been defined without n-conversion. Dedukti however provides a flag to turn
n-conversion on or off.

In order to retain compatibility with the existing literature on both AII/R (without
n-conversion) and other logical frameworks (usually with n-conversion), we systematically
develop our results for both variants. In particular, all our meta-theorems hold with and
without n-conversion, unless mentioned otherwise.

Remark 8.5. Combining the n-contraction rule with rewrite rules may break confluence. For
example, consider the rewrite rule f x < ¢, where f and care constants. We have \z. f © < f
and \z. f x < Ax. ¢, but there is no common reduct of f and Ax. c¢. On the contrary, the
n-expansion rule can be combined with many rewrite rules in various typed \-calculi, so that
confluence and strong normalization are preserved [DCK93, Dou93, DCK94, JG95, DCK96]. For
this reason, we prefer to use the n-expansion rule in the rest of this work.

Definition 8.6: Conversion =g,

The relation < g, is defined like — g%, with additional cases for n-expansion:
— M —gur Az : A. M x, where z is not free in M,
— B —gyr Av: A. B x, where z is not free in B.

The conversion =g, is the reflexive, symmetric and transitive closure of < g, .
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We use the subscript 5(n)R to indicate that either variant can be used if that variant
is globally fixed.

Lemma 8.7. The conversion =g, is a congruence relation.

Proof. Let us prove the following case: if A =g,z B and M =g,z N, then
Ar @ A M =gor Az : B. N. We easily prove by induction on A =g,z B that
A =gir Bentails \z : A. M =g,yg Az : B. M. Similarly, we prove by induction on
M =p,yr N that M =g,z N entails Az : B. M =g,z Az : B. N. The combination of
the two results achieves the case. The other cases are proved similarly. O

8.1.3 Typing Rules

We write Fr I' when the context I is well-formed, and T" F¢ ¢ : T'when the term ¢ has type
T in the context I'. For convenience, @ 1 t : T is simply written - ¢ : T. The typing rules
for AII/R are given in Figure 8.1.

Remark 8.8 (Untyped Conversion). Type systems, such as LF and \II/R, can be presented
with typed conversion (where I' - M = N : A means that M and N are convertible and that
each term of the conversion chain is well-typed) or untyped conversion (where M = N only
means that M and N are convertible).

In MI/R, due to the presence of rewriting, it is preferable to use the untyped
variant [CDO7, ABC*16, Sai15, BDG'23], as it allows an efficient implementation of the
conversion relation. Indeed, unlike the typed conversion, the untyped conversion does not
require to check that each term involved in the conversion chain is well-typed. However, to
avoid accidentally converting well-typed terms into ill-typed terms, the rules Conv-Type and
Conv-Kind check that the converted term is well-typed before using it.

The equivalence between the variant with typed conversion and the variant with untyped
conversion has been investigated for Pure Type Systems with 3-conversion and (3n-conversion
in [GW94, Ada06, Sil10, SH12]. The case of A1/ R, where the conversion additionally includes
user-defined rewrite rules, remains to be investigated.

8.1.4 Well-Formed Theories

We write T + when the theory T is well-formed. When declaring a constant ¢ : A
(respectively a : K), we must ensure that A is a type (respectively K is a kind). When
declaring rewrite rules, we ensure that they preserve typing.

Definition 8.9

Let T be a theory and ¢, r be two terms. The rewrite rule ¢ — r is well-formed in T,
written T F ¢ — r, when it preserves typing: if ' - 46 : T for some substitution 6,
thenT' Fp 760 : T.
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Contexts

Fr T ['Fp A: Type dom(T"
Empty-Ctx T T YP z ¢ @) Decl-Var
I_T (%] I_T F, z: A

Objects

Fr T c:AeT , Fr T r:Ael
Const-Obj Var
F'tpc: A F'tpz: A

['Fr A: Type I'yz: Abr B : Type x:Abr M : B
F'btedz: A M:1lx: A. B

Abs-Obj

't M : 1z : A. B 'k N: A
I'Fr M N : Blz < N|

App-Obj

ke M: A ['Fr B : Type A=gpr B
'ty M: B

Conv-Type

Types

Fo T a:KeT
I'ra: K

Const-Type

I'bFr A: Type I'z:Abr B : Type
['Frpllx: A. B : Type

Prod-Type

['Fr A: Type Iz:Abr K : Kind Ne:AFr B: K

Abs-Type
'trXe:A B:Ile: A K
' A:Ilz: B. K '~ M: B
- App-Type
I'Fr AM: Klx + M]
' A K It K : Kind K = K’
- - ; PR 2 Conv-Kind
' A K
Kinds
Fr T 'k A: T I'z: Abgp K : Kind
T — Sort T e ki T " prod-Kind

I' Fr Type : Kind I'p Iz : A. K : Kind

Figure 8.1: Typing rules for A\II/R.
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This condition may appear surprising: AII/R does not require, as we could intuitively
expect, that the left-hand side ¢ and the right-hand side r are well-typed and have the
same type. Instead, \II/R only requires that every rewrite rule preserves typing whenever
a substitution instance of the left-hand side is well-typed. The most common situation
where it helps to have this generality is when we linearize rewrite rules.

Example 8.10 (Left-Linear Rules). Consider an encoding of polymorphic lists, with the
constants cons and hd that take the sort of the elements of the list as a first argument. The
natural rewrite rule is hd a (cons a h t) < h. However, so as to reuse existing confluence
criteria on left-linear rules, it is preferable [Bla01, Sail15] to use the linearized version
hd a (cons a’ ht) < h. Its left-hand side is ill-typed, but this rule is still type-preserving in the
sense of Definition 8.9, because substitution instances of the left-hand side can only be
well-typed if they substitute the same terms for a and «'.

While this type-preservation condition makes it more difficult to check individual rules,
the following lemma from [Sai15, see Theorem 2.6.19] states that the usual intuition is a
sufficient criterion.

Lemma 8.11 (Typed Rewrite Rules). Let ¢ — r be a rewrite rule. If " declares the variables
of {,and we have ' (¢: T and T+ r : T, then ¢ — r preserves typing.

Well-formedness rules for theories of AII/R are given in Figure 8.2.

Theories
T Fr A: Type dom(T
—— Empty-Thy T P ¢ ¢ dom(T) Decl-Obj
g+ T,c: AF
T Fr K : Kind a ¢ dom(T)
Decl-Type
T,a: KF
TF THM— N _ T THA—B
Rewr-Obj Rewr-Type
T,M — N+ T,A— B

Figure 8.2: Well-formedness rules for theories of AIl/R.

8.1.5 Meta-Properties

We briefly present the main meta-properties of A\II/R. The details and proofs are
available in [Sai15].

Proposition 8.12: Weakening
LetT'be asubsetof AandFr A. fI'pt: T, then Abpt: T.
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Proposition 8.13: Substitution

fT,z: A /Abrpt:TandTFru: A then T, Alx + ul btz < u] : Tz + ul.

Typed terms in AIl/R respect the hierarchy between objects, types and kinds.

Proposition 8.14: Stratification

IfI"r ¢ : T, then
— eithertis anobject, Tisatypeand I' 1 T : Type,
— ortisatype, T'isakindandI' Fr T : Kind,

— ortisakind and T = Kind.

Well-formed rewrite rules preserve typing. Additionally, rewriting preserves typing.

Proposition 8.15: Subject Reduction

frEpt:Tandt —gg u, thenT bpu:T.

In AII/R, the type of a term is unique modulo rewriting.

Proposition 8.16: Uniqueness of Types

IfI |—']1* t: Ty and I’ l_’I[‘ t: Ty, then T =BR Ts.

While type-checking is decidable in LF, it is in general undecidable in A\II/R because
the conversion =3 is undecidable. When we restrict our attention to theories for which
—3mr 1S confluent and produces terms in (n-long) 3-normal forms, the conversion is
decidable, as it suffices to check the equality of the (n-long) S-normal forms. In this case,
type-checking in AII/R becomes decidable.

8.2 Encoding Theories in the M\lI-Calculus Modulo
Rewriting

We show different encodings in AII/R, namely for propositional logic and natural
numbers. For both, we encode two versions: a deductive one that uses axioms,
following the approach of LF, and a computational one that uses rewrite rules and fully
takes advantage of the rewriting power of A\II/R.

8.2.1 Propositional Logic

Example 8.17 (Propositional Logic (Deductive version)). We define the theory PL, a fragment
of propositional logic with implication and conjunction. Prop is the type of propositions and
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Prf maps a proposition to the type of their proofs.

Prop : Type
Prf : Prop — Type
= : Prop — Prop — Prop
A : Prop — Prop — Prop
The encoding of the notions of proposition and proof is well-suited for representing
judgments and natural deduction inference rules: logical consequences are represented by
arrow types, and parameters are represented by dependent types. For example, the
elimination of implication

'+P=Q T+P

Q@

Imp-E

is represented by the typed constant
impe : IIp, q : Prop. Prf (p=q) — (Prf p — Prf q)

When H,, is of type Prf (p=-q) and H,, is of type Prf p, the modus ponens step corresponds
to the proof term impe p ¢ Hp, Hy, of type Prf q.
The remaining inference rules are encoded using the following axioms.

imp; : Ip,q : Prop. (Prf p — Prf q) — Prf (p=q)
and; : lIp, q : Prop. Prf p — Prf ¢ — Prf (p A q)
ande : p, g : Prop. Prf (p Aq) — Prf p

ande, : IIp, q : Prop. Prf (p AN q) — Prf q

Example 8.18 (Propositional Logic (Computational version)). Instead of encoding the
natural deduction inference rules using axioms, it is possible to resort to rewrite
rules [BDG*23]. The rewrite rule for implication is

Prf (p=q) = (Prf p— Prf q)

with free variables p and q.

Compared to Example 8.17, this means that Prf (p = q) =sr Prf p — Prf g, hence the
introduction and elimination of implication, which map back and forth between Prf (p = q)
and Prf p — Prf q, can be dropped entirely. For instance, H,, of type Prf (p = q) is also
of type Prf p — Prf q. Therefore, the modus ponens step imp. p ¢ Hp, H, simply becomes
H,, H,, erasing the explicit application of imp. and its arguments p and q. This simplifies the
work of the user and leads to smaller proof terms.

The rewrite rule for the conjunction is

Prf (pAq) = Ir: Prop. (Prf p— Prf q— Prfr)— Prfr

from which we can derive and;, and., and ande, as theorems. For example, and; is represented
by the proof term

Ap,q: Prop. \Hy, : Prf p. \H, : Prf q.

Ar: Prop. AHpg, : Prf p — Prf g — Prf r.

Hpqr Hp Hq
which is indeed of type Ilp, q : Prop. Prf p — Prf ¢ — Prf (p A q).
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8.2.2 Natural Numbers

Example 8.19 (Natural numbers (Deductive version)). Natural numbers are encoded by the
type nat of natural numbers, and the constructors 0 and succ. We declare an infix constant +
representing the addition function.

nat : Type
0 : nat
succ : nat — nat

+ :nat — nat — nat
We define an equality on natural numbers.

= : nat — nat — Prop
refl : Tlz : nat. Prf (x = x)
leib : Iz, y : nat. Prf (x =y) — IIP : nat — Prop. Prf (P x) — Prf (P y)

The behavior of addition can be encoded using axioms.

addZ : Ilz : nat. Prf (x +0 =x)
addS : Iz, y : nat. Prf (x 4 succ y = succ (z + y))

For simplicity, we write 2 for succ (succ 0) and 4 for succ (succ 2). To prove that 2 + 2 = 4, we
have to combine refl, leib, addZ and addS. The proof term

leib (2 +0) 2 (addZ 2) (Az. 2 4+ 2 = succ (succ z))
(leib (2 + succ 0) (succ (24 0)) (addS 2 0) (Az. 2 + 2 = succ z)
(leib (2 + 2)(succ (2 + succ 0)) (addS 2 (succ 0)) (Az. 2+ 2 = z) (refl (2+2))))

is of type Prf (2+2 =4).

Example 8.20 (Natural numbers (Computational version)). Alternatively, the behavior of
addition can be encoded using rewrite rules.

rT+0—x

T + succ y < succ (z + y)
Using these rewrite rules, we directly have

succ (succ 0) + succ (succ 0) g succ (succ (succ 0) 4 succ 0)
gr  succ (succ (succ (succ 0) + 0))
—gRr succ (succ (succ (succ 0)))

which means 2 4+ 2 —gr 4, and therefore 2 + 2 =gr 4. The advantage of resorting to
computation instead of deduction is clear: the complicated proof term we built with the
axioms in Example 8.19 is simply replaced by the proof term refl 4, which is of type
Prf (4 =4), and therefore Prf (242 = 4).

Example 8.19 uses a propositional equality encoded in AII/R, while Example 8.20 uses
the definitional equality of AIL/R (i.e., the conversion relation).
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8.3 The Dedukti Proof Language

Dedukti [Sai15, ABCT16] is a proof language' implementing the AIl-calculus modulo
rewriting. It is written in OCaml and provides a type-checker. The extension for Dedukti
filesis .dk.

Syntax. Dedukticlosely follows the syntax of AII/R.

MI/R Dedukti
Application t u t u
Abstraction Az : t. u X:t=>u
Dependent product Iz : ¢t. u X:t->u
Type Type
Constant declaration ¢ : u c : u.
Rewrite rule declaration ¢ — r with fv(¢) = {z1,...,z,} | [x_1, ..., xn] 1 --> r.
Theorem labeled n, of statement 7" and proof term p thmn : T := p.

When a constant is defined using rewrite rules, its declaration ¢ : u is prefixed by the
keyword def. We can give the name nto atermt of type T, usingdef n : T := t.

Type-checking. We can type-check the Dedukti file file.dk using the command line
dk check file.dk. The command #ASSERT t : u checks that t has type u. The
command #ASSERT t == u checks that t and u are convertible. The type-checking
algorithm relies on the confluence and termination of —gx. If these conditions are not
satisfied, type-checking may become undecidable and the algorithm may not be able to
type-check a well-typed term.

Example. Letusencode Example 8.20 in Dedukti.

nat : Type.
0O : nat.
succ : nat -> nat.

The addition on natural numbers is defined through rewrite rules.

def add : nat -> nat -> nat.
[x] add x 0 --> x.
[x, y] add x (succ y) --> succ (add x y).

We can directly check that 2 4- 2 =35 4.

def 2 : nat succ (succ 0).
def 4 : nat := succ (succ (succ (succ 0))).
#ASSERT (add 2 2) ==

We therefore prove that 2 + 2 = 4.

Available at https://github.com/Deducteam/Dedukti/.
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Prop : Type.
Prf : Prop -> Type.

eq : nat -> nat -> Prop.
refl : x : nat -> Prf (eq x x).

thm add_2_2_4 : Prf (eq (add 2 2) 4)
:= refl 4.

The file type-checks correctly.

Alternative implementation. Deduktiisavery minimal proof language, thatis used
for translating between proof assistants. So as to develop proofs and formalize libraries
in AII/R, the Lambdapi [HB20] interactive proof assistant? has been implemented. It
features proof tactics and implicit arguments, resulting in a much more user-friendly tool.

2Available at https://github. com/Deducteam/lambdapi.


https://github.com/Deducteam/lambdapi




Chapter 9

Case Study: Double-Negation
Translation

In this chapter, we define Kuroda's translation for theories encoded in higher-order
logic in the AII-calculus modulo rewriting. It is an extension of the translation of
Chapter 4 to a logical framework that features dependent types, user-defined
rewrite rules, and the Curry-Howard correspondence. It is also a case study of
translation between theories of the All-calculus modulo rewriting. We develop a
tool, called Construkti, that implements Kuroda's translation for Dedukti theories
encoded in higher-order logic.

This chapter is adapted from [Tra24a].

In Part |, we investigated the interrelations between higher-order logics. In particular,
we defined translations from classical logic to intuitionistic logic. This problem is also
relevant in the context of interoperability between proof systems. Indeed, some proof
systems are based on classical logic, such as HOL Light or Mizar, while others are based
on intuitionistic logic, such as Rocq, Lean or Agda. If we want to translate proofs from
classical proof systems to intuitionistic proof systems through A\II/R and Dedukti, we must
be able to translate from classical logic to intuitionistic logic inside AII/R and Dedukti.

Related work. We are interesting in transforming any classical proof into an
intuitionistic proof, at the price of modifying the proven statements during the process.
Alternatively, proof constructivization aims at transforming classical proofs into
intuitionistic ones without translating the formulas, but such a process does not
necessarily succeed. Cauderlier [Cau16] developed heuristics to constructivize proofs in
Dedukti, via rewrite systems that try to remove instances of the principle of excluded
middle or of the double-negation elimination. Gilbert [Gil17] designed a
constructivization algorithm for first-order logic, that was tested in Dedukti and works in
practice for large fragments of first-order logic.

123
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Contributions. In this chapter, we propose a case study of translation between
theories of AII/R, focusing on translation from an encoding of higher-order classical
logic to an encoding of higher-order intuitionistic logic.

First, we extend Kuroda's translation to AII/R. Compared to the translation of
Chapter 4, we have to take into account three additional features: dependent types,
rewrite rules, and the proofs-as-terms correspondence. We prove the soundness
property, and the characterization property assuming functional extensionality and
propositional extensionality.

Second, we have implemented the Construkti tool, that applies Kuroda's translation
to Dedukti theories encoded in higher-order logic. We test Construkti on a benchmark of
a hundred formal proofs.

Outline. In Section 9.1, we detail an encoding of higher-order logic in AII/R. In
Section 9.2, we define Kuroda’s translation for theories of AIl/R that are encoded in
higher-order logic. = We prove the soundness property in Section 9.3 and the
characterization property in Section 9.4. In Section 9.5, we describe the implementation
of Construkti and test it on Dedukti proofs.

9.1 Higher-Order Logic in the \lI-Calculus Modulo
Rewriting

In this section, we present an encoding of higher-order logic in AIl/R, and we detail what
we mean by “theories encoded in higher-order logic in AIT/R".

9.1.1 An Encoding of Higher-Order Logic

In Examples 8.17 and 8.18, we presented encodings of (fragments of) propositional logic
inside A\II/R. We now present an encoding of higher-order logic, following [BDG"23].

As for propositional logic, we encode the notion of proposition using the constant
Prop, and the notion of proof using the constant Prf, that maps propositions to the type
of their proofs.

Prop : Type
Prf : Prop — Type

We encode the logical connectives.

= : Prop — Prop — Prop
A : Prop — Prop — Prop
V : Prop — Prop — Prop
= : Prop — Prop

_|

: Prop
1 : Prop
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As we will explain in Remark 9.9, Kuroda'’s translation cannot be extended if we encode
the natural deduction rules using rewrite rules. The constants representing the natural
deduction rules for the logical connectives are:

imp; : Ip,q : Prop. (Prf p — Prf q) — Prf (p=q)
impe : IIp, q : Prop. Prf (p=q) — Prf p— Prf q
and; : IIp, q : Prop. Prf p — Prf ¢ — Prf (p A q)
andes : Ip, g : Prop. Prf (p Aq) — Prf p

ander : IIp, q : Prop. Prf (p A q) — Prf q

ory : IIp,q : Prop. Prf p — Prf (pV q)

oty : lIp,q : Prop. Prf ¢ — Prf (pV q)

ore : Ilp,q : Prop. Prf (pV q) — r : Prop. (Prf p— Prfr)— (Prf ¢q— Prfr)— Prfr
neg; : IIp : Prop. (Prf p — Prf L) — Prf (—p)
nege : IlIp : Prop. Prf (-p) — Prf p— Prf L

topi : Prf T

bote : Prf L. — Ilp: Prop. Prf p

For convenience, the logical biconditional < of type Prop — Prop — Prop is encoded
through the rewrite rule p < ¢ — (p=¢) A (¢ = p).

First-order logic is obtained by encoding the quantifiers. Instead of defining, for any
type A, quantifiers that abstract over terms of type A, we want to encode polymorphic
quantifiers that take A as argument. However, following the syntax of terms and the
typing rules, we can only abstract over objects in AII/R, and we cannot abstract over
types. To get around this issue, we declare the constant Set, which represents the
universe of sorts, along with El that maps sorts to the type of their elements.

Set : Type
El : Set — Type

This allow us to encode polymorphic quantifiers that take a sort as argument.

V: Iz : Set. (El © — Prop) — Prop
3: Iz : Set. (El © — Prop) — Prop

We encode the natural deduction rules for the quantifiers using typed constants.

alli : Ila : Set. IIp : El a — Prop. (Ilx : El a. Prf (px)) — Prf (V ap)
alle : Ha : Set. lp : El a — Prop. Prf (Y ap) — Uz : El a. Prf (p x)
exj: [la: Set. p: El a — Prop. Uz : El a. Prf (px) — Prf (3 ap)
exe : la : Set. IIp : El a — Prop. Prf (3ap) —

IIr : Prop. Mz : El a. Prf (px) — Prfr)— Prfr



126 Chapter 9. Case Study: Double-Negation Translation

Higher-order logic is then obtained by allowing quantification on any sort, including
sorts representing functions and propositions. The arrow ~» encodes function sorts. The
rewrite rule on ~- states that the type embedding a function sort indeed corresponds to
a function type. Propositions are considered as objects using the sort o.

~ 1 Set — Set — Set
El(x~y)— Elx — Ely
o: Set

El o — Prop

All those constants and rewrite rules define the encoding of higher-order intuitionistic
logic in AIT/R, written TIL . The encoding of higher-order classical logic, written T(L, is
obtained from T|L | by additionally considering the constant

pem : IIp : Prop. Prf (pV —p)

representing the principle of excluded middle.

9.1.2 Theories Encoded in Higher-Order Logic

When working with the encoding of higher-order logic in A\II/R, it is possible to mix sorts,
propositions and proofs. For example, propositions can be inserted in sorts when we
have a term of type Prop — Set, and proofs can be inserted in propositions when we
have a term of type Prf p — Prop for some proposition p. Such a behavior is not allowed
in higher-order logic. To avoid it, we introduce a stratification on types, kinds and Kind.

Definition 9.1: x-Stratification

The k-stratification is introduced by the following grammars:

k1 = Set | K1 — K1

ko = Prop | El a | llz : ;. ko with i € {1, 2}

kg = Prf p| k3 — k3 | Iz : k;. k3 with i € {1,2}
kq i= Type | Iz : k;. kg with i € {1, 2}

k5 == Kind

In the grammar k9, the case Prop is a particular case of El a, as Prop — El o. The
grammar k3 generates formulas and inference rules. The grammar k4 generates a
subclass of kinds, which contains in particular the types of Prop, Set, Prf and El.

We characterize the judgments of AII/R to ensure that types and kinds are generated
by one of those grammars.

Definition 9.2: x-Property

The judgment I ¢ ¢ : T satisfies the x-property when T' € x; for some i € [1,5].
The judgment k¢ I satisfies the x-property when, for each z : A € T, we have
A € k; forsomei € [1, 3].

A derivation satisfies the x-property when all its judgments satisfy the x-property.
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Let us make two observations when we consider derivations that satisfy the
k-property.

First, it is impossible to have propositions in sorts, proofs in sorts, and proofs in
propositions, as types Prop — Set, Prf p — Set and Prf p — Prop are prohibited.

Second, the rewrite rules ¢ — r with ¢ and r of type A € k3 cannot be used for
converting using Conv-Type or Conv-Kind, as ¢ and r cannot occur in types and kinds that
satisfy the k-property. For instance, the term top; is of type Prf T € k3. The term top;
cannot occur in types generated by k1, k2 and ks, or in kinds generated by k4, as this
would break the x-property. In the rest of this chapter and without loss of generality, we
will not consider rewrite rules ¢ — r with ¢ and r of type A € «, fori # 3.

Theories encoded in higher-order logic are theories that feature the base higher-order
encoding, and in which the user-defined constants satisfy the x-property.

Definition 9.3: Theory Encoded in Higher-Order Logic

Let T be a theory in AIl/R. T is encoded in higher-order logic when:
1. T = T, Tenc With L € {CL, IL} and dom(T},,) N dom(Tenc) = 0,
2. foreveryc: A € Tene, the judgment |- ¢ : A satisfies the x-property,
3. foreverya: K € Tep, the judgment - a : K satisfies the x-property,

4. for every ¢ — r € Rr, all the occurrences of Prf and V in ¢ are applied to
their arguments.

The fourth condition will ensure that the translation of a rewrite rule is a well-defined
rewrite rule, as we will see in Section 9.2.

Remark 9.4. Theories encoded in higher-order logic extend higher-order logic with additional
user-defined constants, rewrite rules and inference rules. The introduction of rewrite rules to
a logic was originally defined in deduction modulo theory [DHK03], while the introduction of
inference rules has been developed in superdeduction modulo theory [BHKO07, Hou10].

In the rest of this chapter, we only consider theories that are encoded in
higher-order logic, following Definition 9.3. The user-defined constants of Te, satisfy
the x-property. Moreover, the constants of T and Tik| directly satisfy the x-property.
But that is not enough to ensure that all the derivations satisfy the x-property. It is still
possible to mix sorts, propositions and proofs through variables or A-abstractions. For
example, the term (AP : Prop. o) takes as input a proposition and returns a sort. Hence
the type El ((AP : Prop. o) L) mixes propositions and sorts. But that is artificial, as this
type is S-convertible to El o, in which no proposition occurs. In the rest of this chapter,
we restrict ourselves to variables and A-abstractions that satisfy the x-property. As the
k-property is stable under term application, this is sufficient to guarantee that the
derivations inside theories encoded in higher-order logic satisfy the x-property.

The two examples of Section 3.3.2 can be represented as theories encoded in higher-
order logic in AII/R.
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Example 9.5 (Polymorphic equality). In higher-order logic, sorts are represented as terms of
type Set. It is therefore easy to encode a polymorphic equality.

= :1la: Set. El a — El a — Prop
refl : Tla : Set. Iz : El a. Prf (= a x x)
leib : Tla : Set. Ilx,y : El a. Prf (=axy) — IIP: El a — Prop. Prf (P z) — Prf (P y)

Here reflexivity and Leibniz's law are encoded by inference rules. It is also possible to encode
them by higher-order formulas.  For instance, we could have taken refl of type
Ila : Set. Prf (V¥ a (Ax. = a x x)). These two representations are equivalent, using the
natural deduction rules of V. The two types would be convertible if we had considered the
computational encoding of V instead of the deductive encoding.

This is a theory encoded in higher-order logic, following Definition 9.3.

From Leibniz’s law, we can prove that the equality is indeed symmetric and transitive. For
instance, the proof term

Aa:Set. Ax,y: Ela. \Hyy : Prf (=axy). leibazy Hyy (Az. =azx) (refl a z)
is of type Ila : Set. Ilx,y : El a. Prf (= axy) — Prf (= ay x), and thus proves symmetry.

Example 9.6 (Natural numbers). We adapt Example 8.20 so that it is a theory encoded in
higher-order logic in AXI1/R. Natural numbers are now represented by a sort.

nat : Set

0: El nat

succ : Bl nat — El nat

+ : Bl nat — El nat — El nat

The rewrite rules x + 0 — x and x + succ y — succ (x + y) are unchanged.
Moreover, the induction axiom can be represented as an inference rule

rec: IIP: El nat — Prop. Prf (P 0) —
(Ilz : El nat. Prf (P x) — Prf (P (succ z))) —
Iz : El nat. Prf (P x)

or as a higher-order formula
rec : Prf (V (nat~>0) (AP. (P OA (V nat (An. P n= P (succ n)))) = (V nat (An. P n)))

These two representations are equivalent, using the natural deduction rules of = and V.

9.2 Kuroda’'s Translation for the M\ll-Calculus
Modulo Rewriting
In Chapter 4, we defined Kuroda’s translation in two steps: an inductive translation

t — t., inserts double negations after universal quantifiers, and then A — AV inserts
double negations in front of formulas. When working inside a theory encoded in
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higher-order logic in A\II/R, every formula has head symbol Prf. In that respect, we only
need to define a single translation ¢t — ¢ by induction on the terms of AII/R, that
inserts double negations after the Prf and V symbols.

As we are in AII/R with the Curry-Howard correspondence, proofs are terms, and we
have to translate them as well. Kuroda'’s translation relies on the fact that the translation
of each natural deduction rule is admissible in intuitionistic logic. In A\II/R, this means
that each constant ¢ of type A representing a natural deduction rule must be translated
by a term ¢'- of type Ak, where ¢'' is an intuitionistic proof term of Ak,

For instance, in the standard Kuroda's translation, we have to prove that the
translation of the inference rule Imp-I

Fku Pku L Qku
T - (P = Q)M

is admissible in intuitionistic logic. In MI/R, the constant imp; is of type
Ip,q : Prop. (Prf p — Prf q) — Prf (p = ¢). We must build a term imp;'* of type
IIp,q : Prop. (Prf (—-—p) — Prf (-—q)) — Prf (—=—(p = q)), that only depends on the
constants representing the intuitionistic natural deduction rules.

Definition 9.7: Translation of Terms

Kuroda'’s translation is inductively defined on the terms of AII/R by:

i = T
/\:L' Ap.Vx(Az. 0=(pz)) ifce=V
cku = if ¢ is a natural deduction rule
otherwise

ku _ >\p Prf (==p) ifa= Prf

o a otherwise
(M N)ku — Mku Nku
(A M)ku — Aku Mku
Az : A M) = Az Ak Mk
(Az: A. B}k == )z : Akv, Bku
(Iz : A. B)* = TIz: Ak Bk
(Hz: A. K)< = Iz : Ak, Kk
Typekt = Type
Kindku = Kind

when for each constant ¢ : A € TS representing a natural deduction rule, there
exists a term c'* such that -y b+ A

We give the parameters ¢'- in the following proposition.

Proposition 9.8

For every constantc: A € ’]TC | representing a natural deduction rule, there exists
aterm ¢! such that Fgy ' g
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Proof. It suffices to encode in AIl/R the proof of Theorem 4.7. In particular, the term
pem't of type IIp : Prop. Prf (——(p Vv —p)) is given by

Ap : Prop. neg; =(p V —p)
(AH : Prf =(pV —p). nege (pV —p) H
(Orir D =P
(negi p (AH,, : Prf p. nege (pV —p) H (orie p —p Hp)))))

which directly encodes in A\II/R the proof tree given in Proposition 3.9.
We have formalized all the proof terms ¢'- in Dedukti’. O

Remark 9.9. Assume that the natural deduction rules are encoded using rewrite rules. For
instance, the rewrite rule for implication is Prf (p = q) < Prf p — Prf q, and the rewrite
rule for negation is Prf (—-p) < Prf p — Prf L. Kuroda’s translation would require the
conversion (Prf (p = q))" =pr (Prf p — Prf q)*“. However, this does not hold:

(Prf (p=a)  =pr Prf (—=(p=1q))
=sr (Prf(p=q) — PrfL)— Prf L
=sr ((Prfp— Prfq)— PrfLl)— Prf L

(Prf p— Prf )" =g Prf (—=p) — Prf (=—q)
=sr ((Prfp— PrfLl)— Prf 1) — ((Prfq— Prf L) — Prf L)

The translation works when the natural deduction steps are explicit deduction steps, but not
when they are implicit computation steps. That is why we encoded the natural deduction rules
using typed constants rather than rewrite rules.

Definition 9.10

Kuroda's translation is inductively defined on contexts and substitutions by:

U = o
T,z : Ak = kv g Ak
(0,55 «— M)ku — eku’x “— Mku

We have defined the translation for terms, and we now want to define it for theories.
Intuitively, we would like to translate rewrite rules ¢ < r by ¢/<* — rki_ As defined in
Section 8.1, the left-hand side ¢ of rewrite rules must be algebraic but not a variable. We
recall that a term is called algebraic when it is a variable or the application of a constant
to algebraic arguments. In particular, if £ contains Prf or ¥, then /< contains Prf*" or V<",
that are A-abstractions and not constants. Hence ¢k — 7" may not be a valid rewrite
rule in AII/R. By Definition 9.3, all the occurrences of Prf and V in ¢ are applied to their
arguments. Hence it suffices to 3-reduce ¢ to obtain an algebraic term. We write | k|
for the term obtained by 3-reducing the symbols Prf*" and V& in ¢k,

'See https://github.com/Deducteam/Construkti/blob/master/kuroda.dk.
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Chapter 9. Case Study: Double-Negation Translation 131

Definition 9.11: Translation of Theories

Kuroda's translation is inductively defined on theories encoded in higher-order
logic in AIL/R by:

aku = g
ifc: A€ Ty and ¢ # pem
(T,c: A)ku = if c = pem
c: AR ife:i A € Tenc

’]I‘k“ a: K ifa: K € The
(T,a: K)ku = { K ki

T, a: K" ifa: K € Tenc
(T, M — N)ku = Tku Mk” s Nku
(T, A B)ku — Tku7 LAkuJ Bku

The classical encoding T¢L is translated into the intuitionistic encoding TiL,, and
therefore TCL, Tenc is translated into TIL | Tk

enc’

9.3 Soundness Property

We aim at proving that the extension of Kuroda's translation to AII/R indeed embeds
classical logic into intuitionistic logic. In other words, we want to show thatT" by ¢ : T
entails TV i kY T,

The theorem follows the hierarchy of terms in AII/R, as there are items for objects,
types and kinds. Additionally, there is an item for well-formed contexts. As the theory T
is translated as well, there is an item for well-formed theories.

We restrict ourselves to theories T in which rewrite rules ¢ — r such that £ and r are
well-typed with the same type.

Theorem 9.12: Judgment Preservation

Let T be a theory encoded in higher-order logic.
1. If T+ then Tk |,
2. If Fp I then Fpe Tk

IfT p M : Athen THY Fp MK AR,

> W

IfT Fp A: K then TKY i, AU kY,
5. If T Fp K : Kind then Tk i KKV : Kind.

This theorem relies on the fact that the translation commutes with substitution and
preserves conversion.
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Proposition 9.13
Let 6 be a substitution. We have:
1. (MO)k = prugk
2. (Af)kv = Akupku
3. (KO)kv = Kkugks
Proof. By induction on terms.

— Constant and Type: We have (cf)kY = ¢k = ckugkU since c and ¢k are closed terms.
Similarly, (af)k" = akU6*" and (Typed)k! = Type Ugkv,

— Variable: If § does not substitute x, then (26)k! = z*v = gkugky,

If 6 substitutes x by w, then (z0)kY = wk' = 26kv = zkugky,

— Dependent type: We have

(Tlx : A. B)o)kv = (Ilx : A9. BO)K

Iz : (Af)KY. (BO)K

Iz : Akugku, Bkugku by induction hypotheses
= (Iz : Akv, Bku)pku

= (Ilz : A. B)kugku

Similarly, we have ((ITz : A. K)0)* = (Ilz : A. K)kugku,

— The cases for dependent type Iz : A. K, for A-abstraction Ax : A. M and
Az : A. B, and for application M N and A M are treated similarly and follow from
the induction hypotheses. O

Proposition 9.14
1. For any types A and B, if A =4,y BinTthen A =5, » B in Tk

2. For any kinds K and Ky, if K1 =g()r K2 in T then K =5, = K5 in T,

Proof. By induction on the construction of =4(,\z.

— Suppose £ < r € T. Let us show (€0)x =% (r6)< in T* for any substitution 6.

If ¢ — r € TS, then ¢k = ¢ and ¢ = 7. We also have ¢ — r € TiL . We use
Proposition 9.13.

If £ = 7 € Tenc, then we have [¥] — rk¢ € Tk . Using Proposition 9.13, we derive
(69)"“ — gkugku =5 LgkuJeku =sr rkugku — (r@)k”.

— We have (A\z : A. M) N) = (\z : Ak, M) Nk which B-reduces to
MK [z < Nk, that is (M[z <+ N])* using Proposition 9.13. Similarly, we have
(\z: A. B) MR =g (Blz + M])*u.

— Suppose that z is free in M. We have (\z : A. M x)< = \z : AKY. M 2, which is

n-convertible to M*U. Similarly, we have (Az : A. B 2) =3,z B*".
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— The cases for application, X-abstraction and dependent type directly follow from
the induction hypotheses.

— Reflexivity, symmetry, and transitivity are immediate. O

Proof of Theorem 9.12. Assume that the first item holds for a fixed theory T, and let us
prove the other items for T by induction on the typing derivation.
— Const-Obj (case 3): By induction hypothesis, we have i T,
Ifc: A€ Tene, then ¢: AK€ Tku

enc’

and we derive T*Y -, ¢ : AX¥ using Const-Obj.

Ifc: A € TEL and is neither ¥ nor a constant representing a natural deduction rule,
then ¢ : A € T«'. We know that A does not contain Prf and V, so A" = A. We
derive Tk |- ¢ : AX¥ using Const-Obj.

If ¢ =V, then ck¥ corresponds to the term Az. Ap. ¥V = (Az. ——(p 2)). We easily
derive T* o Az. Ap. V @ (Az. =—(p 2)) : Iz : Set. (El x — Prop) — Prop, that is
kY i VU2 (T @ Set. (Bl x — Prop) — Prop)kY.

If ¢ represents a natural deduction rule, then we have Tk ., b : A using
Proposition 9.8.

— Const-Type (case 4): By induction hypothesis, we have g T,

Ifa: K € Tene, thena : K¢ € TKY_, and we derive T - a : KKV using Const-Type.

Ifa : K € TS and is not Prf, then a : K € T*!. We know that K does not contain
Prf and V¥, so KK = K. We derive T’ |- ¢ : K" using Const-Type.

If ¢ = Prf, then Prfk¥ is the term Ap. Prf (-—p). We easily derive
XY v Ap. Prf (==p) : Prop — Type, that is TKY i PrfXY : (Prop — Type)kU.

— Conv-Type (case 3): We have Tk Fp, MK . Ak and TKY p. BXY @ Type by
induction hypotheses. From Proposition 9.14, we have AU =38R BXU, We
conclude that T*¥ ., MKY : BXU using Conv-Type.

— Conv-Kind (case 4): Similar to Conv-Type.

— For the other cases, we directly apply the typing rule in question on the induction
hypotheses.

We have proved that, assuming that the first item holds for a fixed T, then the other
items hold for that T. Let us now prove the first item by induction on the well-formedness
derivation.

— Empty-Thy: as @*" := @, we directly have @ I using Empty-Thy.

— Decl-Obj: Suppose T F and Fr A : Type. By induction hypothesis, we have TV |-,

Ifc: A€ ’]IfoLI and ¢ # pem, then we directly have Fpw. A : Type. We derive
Tk ¢ : A+ using Decl-Obj.

If ¢ = pem, then (T, ¢ : A)k¥ := TkY, so we have nothing to do.

If ¢ : A € Tene, then we have i Ak Type using the fourth item of the theorem.
We derive TV, ¢ : AKXV I using Decl-Obj.
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— Decl-Type: Suppose T F and - K : Kind. By induction hypothesis, we have T |-,

Ifa: K € TS, then we directly have Fpw K : Kind. We derive TH,a : K | using
Decl-Type.

If a : K € Tene, then we have i KX : Kind using the fifth item of the theorem.
We derive T, a : KX I using Decl-Type.

— Rewr-Obj: Suppose T +and T + M < N. By induction hypothesis, we have TV |-,
In this chapter, T - M — N means that there exist some I' and some A such that
I'bkr M :AandT Fr N : A. We have TKY b, M*U 2 AR and TKY i, NKU Ak
using the fourth item of the theorem. We derive TK! Fq. [M*U] : AKX by subject
reduction. Thus T<! - | MKV | < Nku,

— Rewr-Type: We proceed as for Rewr-Obj, referring to the fifth item of the theorem
instead of the fourth. O

Remark 9.15. The extension of Kuroda’s translation to \I1/R is a generalization of Brown
and Rizkallah’s translation for simple type theory [BR14]. Indeed, if Rt = @, then we obtain
the result in higher-order logic, at the only difference that proofs are represented by terms.

Example 9.16. The translation of the theory encoding polymorphic equality (defined in
Example 9.5) is given by:

= :1la: Set. El a — El a — Prop
refl : Ila : Set. Ilz : El a. Prf (-—(=a x x))
leib : Ia : Set. Ilz,y : El a. Prf (——(=axy)) —
IIP: El a — Prop. Prf (——(P x)) — Prf (——(Py))

The equality symbol remains unchanged, while double negations are inserted in refl and leib.
The theorem stating that the equality is symmetric and its proof are translated as follows:
the proof term

Aa: Set. Ax,y : El a. \Hyy : Prf (——(=axy)).leibaxy Hyy (Az. =a zx) (refl a x)

is of type Ila : Set. llx,y : El a. Prf (——(=axy)) — Prf (-—(=ayx)).
Note that, as seen in Section 4.2, we can go further: instead of taking the translated axioms
refl and leib, we can prove them in intuitionistic logic using the original refl and leib.

9.4 Characterization Property

In the previous section, we have shown the soundness property of Kuroda's translation: if
T Fpt: AthenTH Fp t<U 0 AKX, We must prove the characterization property, ensuring
that the translated results and the original results are equivalent in classical logic.

Let us show that any proposition P and its translation P" are classically equivalent.
As seen in Section 4.3, such a result is not necessarily true in higher-order logic, and the
Kuroda-equivalence is a necessary and sufficient condition.
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Definition 9.17: Kuroda-Equivalence

LetI' - M : A — ... 5 A, = Propand ' - N; : A, fori € [1,n]. There exists
some H suchthatT' - H : Prf (M Ny ... Ny)K < M Ny ... N,).

Lemma 9.18. The (3-normal form of a proposition p is either a variable, a constant, or an
application M Ny ... N, where M is a constant or avariable of type A, — ... — A,, — Prop
and Ny, ..., N, areterms of type A1, ..., A,.

Proof. As pis a proposition, it has type Prop and thus cannot be an abstraction. O

The constant may be user-defined, T or L. The head symbol of the application may
be any connective, quantifier or predicate.

Proposition 9.19

LetI' - p : Prop. Under Kuroda-equivalence, there exists some proof term M, such
that T = M, : Prf (p < p).

Note that, as a consequence of the k-property, the constants occurring in p have type
A € k1 or A € Ky, and therefore AK" = A. Thus it makes sense to express kU inside the
original theory T.

Proof. We distinguish cases thanks to Lemma 9.18.

— Suppose that p =sr N where N is a variable or a constant. It follows that N! = N.
We build the term My as

and; (N = N) (N = N) (impj N N (AH : Prf N. H)) (imp; N N (AH : Prf N. H))

andwe have ' - My : Prf (N* < N). We get pv =5 N*U using Proposition 9.14.
Thus we derive I' - My : Prf (p* < p) using Conv-Type.

— Suppose thatp =gr M N;... N, where M is a constant or a variable. We have
pku =sr (M Ni... N,,)k using Proposition 9.14. We directly conclude using the
Kuroda-equivalence. O

In the encoding of higher-order logic in AII/R, we not only prove formulas but also
inference rules, which are terms of type A € k3. Therefore, we must also prove the
characterization property for terms of type A € k3.

As we are not mixing sorts, propositions and proofs, we know that the symbol ¥V and
the symbol Prf only occurin types generated by the grammar «3. Moreover, the constants
representing the natural deduction rules do not occur in types and kinds generated by
the grammars. Therefore, any type A € k; is modified by Kuroda’s translation for i = 3,
whereas AKY = A for i # 3.

Theorem 9.20

Let T be a theory encoded in higher-order logic and A € k3. Let I' be a context.
Under Kuroda-equivalence, there exists some M such that T Fp M : A if and
only if there exists some M’ such that T -p M’ : A.
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Proof. We proceed by induction on the term A, using the fact that A € k.

— Suppose that A = Prf p. Using Proposition 9.19, we derive that Prf pk! is inhabited
ifand onlyif Prf pisinhabited. As we are in classical logic, it follows that Prf (=—pkY)
is inhabited if and only if Prf pis inhabited.

— Suppose that A = Ilz : B. C with B € k1 or B € k. Therefore B = B. Suppose
I'Fp M : Iz : B, Ckv. We have T,z : B 1 M x : Ck' by weakening and App-Obj.
We get some M/, such thatT',z : B r M/, : C by induction hypothesis on C. Using
Abs-Obj, we derive I' - Az : B. M{, : IIz : B. C. We proceed similarly for the
reverse implication.

— Suppose that A = B — C with B,C € k3. Suppose I' ¢ M : BXY — C*v, Using
Var, we derive I'x : B Fr = : B. By induction hypothesis on B, we get some
Mg such that T,z : B br Mp : B*U. Using weakening and App-Obj, we derive
[',z:BFr M Mp: Ck. By induction hypothesis on C, we get some M. such that
I,z : B br M, : C. Using Abs-Obj, we derive ' 1 Az : B. M/, : B — C. We
proceed similarly for the reverse implication. O

9.5 Implementation for Dedukti

Implementation. We developed a tool, called Construkti?, that implements Kuroda’s
translation for Dedukti. Construkti takes as input a Dedukti file containing the
specification of a user-defined theory encoded in higher-order logic, as well as proofs in
this theory. It outputs a Dedukti file containing the specification of the translated theory,
as well as the translated proofs. The resulting file can be rechecked by Dedukti. Taking
advantage of the Dedukti kernel and parser, Construkti is written in OCaml in less than
150 lines of code.

So as to obtain readable theorems, Construkti directly g-reduces every application of
the M-abstractions Prfk" and kv,

This implementation relies on the formalization of the parameters c'-, for all the
constants ¢ representing a natural deduction rule. For example, Construkti replaces
every instance of the principle of excluded middle

pem : p : Prop -> Prf (or p (not p)).
by the theorem proving the double negation of the principle of excluded middle

thm pem_i : p : Prop -> Prf (not (not (or p (mnot p))))
:= p => neg_i (not (or p (mot p)))
(H => neg_e (or p (not p)) H
(or_ir p (not p)
(neg_i p (Hp => neg_e (or p (not p)) H
(or_il p (mot p) Hp))))).

which encodes in Dedukti the proof tree given in Proposition 3.9. The complete
formalization is available in the file kuroda. dk.

2Available at https://github. com/Deducteam/Construkti.
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Demonstration. Let us illustrate Construkti on a proof of the Clavius's law, which
states (mA = A) = A for any formula A. We encode Clavius's law as a higher-order
formula in Dedukti.

(Prf (all o (A => (imp (imp (mot A) A) A))))

Alternatively, we could represent it as an admissible inference rule, without changing
much the rest of the demonstration.

A : Prop -> (Prf (imp (imp (not A) A) A))

In intuitionistic logic, Clavius's law is derivable from (and actually equivalent to) the
principle of excluded middle:

thm clavius : (Prf (all o (A => (imp (imp (mot A) A) A))))
:= (all_i o
(A : (E1 o) => (imp (imp (mot A) A) A))
(A : Prop => (imp_i
(imp (not A) A)
A
(pNAA : (Prf (imp (not A) A)) =>
(or_e A (not A) (pem A) A
(pA : (Prf A) => pA)
(pNA : (Prf (mot A)) =>
(imp_e (not A) A pNAA pNA))))))).

After running Construkti, we obtain a proof of the translated Clavius's law:

thm clavius : Prf (not (not (all o (A =>
not (not (imp (imp (mot A) A) A))))))
:= all_i_i o
(A : (E1 o) => imp (imp (mot A) A) A)
(A : Prop => imp_i_i
(imp (not A) A)
A
(pNAA : (Prf (mot (not (imp (mot A) A)))) =>
or_e_i A (not A) (pem_i A) A
(pA : (Prf (mot (mot A))) => pA)
(pNA : (Prf (not (mot (mnot A)))) =>
imp_e_i (not A) A pNAA pNA))).

The translation inserted the double negations after the Prf and a1l symbols, and replaced
the natural deduction inference rules by the proof terms of their translation. In particular,
Construkti replaced the classical inference rule pem by the intuitionistic proof term pem_i.

Benchmark. We have tested Construkti on a benchmark of 101 Dedukti proofs,
available in the file hol-1ib.dk. These proofs encompass results related to connectives
and quantifiers, classical formulas, De Morgan'’s laws, polymorphic equality, and basic
arithmetic. The proofs are expressed in propositional, first-order and higher-order
logics. The library makes use of the key features of AII/R, namely dependent types and
user-defined rewrite rules. We compare in Table 9.1 the different characteristics of the
library: the number of proofs, the number of classical proofs, the number of results
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expressed in higher-order logic, and the number of results that are expressed via
admissible inference rules (thanks to the encoding of the notions of proposition and
proofs). Note that, using the natural deduction rules for = and V, some higher-order
results can be turned into admissible inference rules, and vice versa. Our count does not
take this into account.

After running Construkti on hol-lib.dk, we obtain the translated library
hol-lib_i.dk, in which all the proofs are expressed in intuitionistic logic. All the
translated proofs of the translated theorems type-check.

9.6 Conclusion

In this chapter, we have extended Kuroda's translation to the theories encoded in
higher-logic in AII/R. In other words, we have extended the translation of Chapter 4 to
dependent types and user-defined rewrite rules. In this logical framework, proofs are
represented as terms following the Curry-Howard correspondence, and have to be
effectively translated. We have implemented Construkti, a tool that transforms Dedukti
proofs following Kuroda's translation, and we have tested it on a benchmark of a
hundred formal proofs.

Kuroda’s translation is a particular case of translation between theories of AIl/R.
Throughout this chapter, we have unfolded a general method, that can be applied to
various individual translations. We have defined an inductive translation, allowing us to
mechanically translate any term from the source theory to the target theory. We have
proved the soundness of the translation by induction on the derivation, ensuring that
derivations of the source theory are translated into valid derivations in the target theory.
In the next chapter, our goal will be to abstract such a method to different translation
templates, that can be instantiated to generate various individual translations.
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Chapter 10

Translation Templates

Translation mechanisms often take the form of an inductive translation that
satisfies certain invariants, which are also proved inductively. Theory morphisms
and logical relations are common templates of such inductive constructions.
Importantly, they allow representing the translation and establishing its soundness
by providing parameters that satisfy certain properties. Therefore, in a logical
framework supporting theory morphisms and logical relations, formalizing and
verifying translations that fit one of these templates becomes much easier.

In this chapter, we extend theory morphisms and logical relations to the
All-calculus modulo rewriting. We prove their meta-theorems, guaranteeing the
soundness of the generated translations. We apply these templates to define
a number of translations between theories. In doing so, we identify some best
practices that enable us to formalize challenging translations, in particular sort-
erasure translations from sorted logic to unsorted logic.

This chapter is adapted from [TR25] and subsumes [Tra24b].

Representation theorems for logical frameworks often express that, for all terms ¢ : A
in the source theory S, there is a term wu(t) : ©(A) in the target theory T (where S and T
are independently formalized in the framework). There are two approaches to formalizing
such representation functions .

First, u can be implemented in a programming language that treats the terms of S
and T as data. These programs are logic programs in [PS99] or functional programs
in [PD10, PS09]. The framework then has to verify the meta-theorem by proving the
correctness and termination of the program. Among early large case studies are
verifications of cut-elimination [Pfe00] and logic translations [SS06].

Second, the framework can provide explicit support for certain restricted classes of
representation functions for which correctness and termination are guaranteed. These
are usually significantly easier for the user to define and implement. However, their
expressivity is often limited, and intended applications often hit these limitations. Theory
morphisms (also called signature morphisms) were introduced for LF in [HST94]. Here
the user provides the translation of the constants of S, and then the function pu is
induced homomorphically on all terms of S. The function p is guaranteed to be total and
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to preserve all typing judgments. Theory morphisms were added to Isabelle in [KWP99],
to Twelf in [RS09], and to MMT in [RK13]. They were used to build the LATIN library of
modular logics and representation theorems [CHK™ 11, Rab14].

To extend the expressivity of theory morphisms while retaining their simplicity,
[RS13] introduced logical relations for LF. Here the morphism p is coupled with a function
p that establishes additional invariants about . Logical relations can be generalized to
several morphisms. Binary logical relations are typically used to show an isomorphism
between two theories. Logical relations, designed for LF, correspond to parametricity
translations [BJP10, BJP12], designed for Pure Type systems. Parametricity was
developed for Isabelle in [Lam13, HKKN13] and for the Calculus of (Inductive)
Constructions in [KL12, TTS21, CCM25]. In particular, Trocq [CCM24, CCM25] is a
parametricity-based plugin for automated proof transfer in Rocq. One of the main
application of parametricity is to show the equivalence between different data
structures, allowing the transfer of proofs between human-friendly representations and
computer-friendly representations.

All of these developments were done in the absence of rewriting. This raises the
question of whether such representation theorems for LF carry over to AII/R, or if
rewriting subtly interfere with established intuitions and results. In fact, other than the
Maude tool [CELM96], which is based on rewriting logic, we are not aware of any tool
supporting theory morphisms or related concepts on top of a rewrite system, and none
that does so for a dependently typed A-calculus. Felicissimo [Fel22] effectively defined
theory morphisms in A\II/R to establish the soundness of an encoding of functional and
explicitly-typed Pure Type Systems. Similarly, [Tra24b] encoded individual
interpretations in which the theory morphism and the logical relation are mutually
recursive. However, both lacked general definitions of the concepts and general
meta-theorems establishing their properties once and for all. More importantly, such
theory morphisms and individual interpretations were not leveraged in practice to
exchange proofs between Dedukti theories.

Contributions. In this chapter, we extend this morphism-like approach to A\II/R, and
use it to exchange proofs between theories.

First, we generalize theory morphisms and logical relations from LF to A\II/R, stating
all definitions and meta-theorems in full generality. The resulting formalism extends the
translation templates of [HST94, RS13] and simplifies the special interpretations
of [Tra24b]. We use theory morphisms and logical relations to define several
translations between theories of AII/R. The soundness of these translations is obtained
for free thanks to the meta-theorems.

Second, we apply this formalism to define translations that have previously been out
of reach for morphism-like methods. In particular, we formalize a novel translation from
hard-sorted to soft-sorted to unsorted logic. To our knowledge, this is the first time that
such a translation is defined in a fully declarative way. Our formalization relies on
several design choices, taking advantage of rewriting to encode artifacts that have
previously proved to be very cumbersome to use at scale in the absence of rewriting.
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Third, we have implemented the TranslationTemplates tool, which realizes theory
morphisms and unary logical relations for Dedukti. We have used TranslationTemplates
to formalize all the examples shown in this chapter. The implementation and examples
are available at

https://github.com/Deducteam/TranslationTemplates.

Outline. We define theory morphisms for AII/R in Section 10.1 and highlight several
applications in Section 10.2. We define logical relations for A\II/R in Section 10.3. In
Section 10.4 and Section 10.5, we apply such templates to formalize challenging
sort-erasure translations and data type embeddings. We describe our implementation
for Dedukti in Section 10.6.

10.1 Theory Morphisms

In this section, we define theory morphisms for A\II/R, and we prove the basic Judgment
Preservation theorem. As a running example, we give theory morphisms that translate
between two representations of multiplicative groups.

10.1.1 Running Example

Before giving two encodings of multiplicative groups, let us first define propositional logic
extended with equality.

Example 10.1 (PLeq). The theory PLeq extends propositional logic PL (as defined in
Example 8.17) with equality. . is the type of individuals. We define an equality symbol for
elements of type 1, along with the reflexivity principle and Leibniz's law.

¢t : Type

=:1—t— Prop

refl : Tz : ¢. Prf (x = x)

leib : Iz, y : . Prf (x =y) — IIP : v — Prop. Prf (P x) — Prf (Py)

We now define two encodings of multiplicative groups: one based on multiplication
and one based on division.

Example 10.2 (Groups based on multiplication). The theory MulGr encodes multiplicative
groups by extending PLeq with a multiplication symbol x, an inverse operation inv, and a
neutral element 1.

X:1Lt—>1L—1

1:¢

inv:o—t¢

We use rewrite rules to encode that 1 is a neutral element.

rX1l—zx

lXxx—>=x


https://github.com/Deducteam/TranslationTemplates
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The inverse operation inv is characterized by the following rewrite rules.

z X (invz) —1
(inve) xz =1
invl]l—1

inv (inv ) — x
(inve) x (r Xy) =y
x X ((inve) Xy) =y

inv (z x y) < (inv y) x (inv )
The operation x is associative.
(xXy)Xz—=xxX(yxz)

These rewrite rules are generated by the Knuth-Bendix completion algorithm [KB70] from
Ixx=uxinvexz=1and (z xy) x z =x x (y X z). This guarantees that such rewrite
rules are confluent and terminating.

The axioms for neutrality, inverseness and associativity derive from the rewrite rules. For
instance, the axiom of associativity

Mz ,y,z:0. Prf (zxy)xz=2 X (y X 2))

is simply proved using refl.
In this encoding, we benefit from the computational power of A\II/R. For example, we
obtain the conversion (inv (inv x)) X (inv z X y) =gr y for free.

Example 10.3 (Groups based on division). The theory DivGr encodes multiplicative groups

by extending PLeq with a division operation -+ and an element 1.

R e e

1:

The following rewrite rules encode the semantics of .

r+1l—zx

r+x—1

l+(z+y) —my+ua

z-1+xy))+Q+2)=>z+((1+2)+y)

Using these rewrite rules, we have for example ((y +~ z) <+ y) + (1 = x) =g 1 for free.
Note that these rewrite rules are not confluent, as we have

((I+y+1+y))+-Q+2)=21+-1x2)22z2+1=z2

and (1+y)+~(1+y)+(1+2) — (1+y)+ ((1+2)+y) butthereis nocommon reduct.
For the sake of simplicity, we still consider these rewrite rules.
In this encoding with division, the usual group operation x: x y can be defined as x = (1+y).

MulGr and DivGr are two different encodings of multiplicative groups. Our goal is to
translate between these two representations.
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10.1.2 Formal Definition

Theory morphisms from theory S to theory T are translations that replace the constants of
S by terms of T. Such terms are the parameters of the translation and must be provided
to perform the translation.

Definition 10.4: Theory Morphism

The mapping n defined inductively from a set of parameters p. and p, by

p(x) = 4

(0 = e

p(a) = Ha

W(MN) = (M) ()
(A M) = p(A) p(M)
pwAx : A. M) == Az p(A). p(M)
p(Az: A. B) = Az :u(A). w(B)
p(Mlz : A. B) = Tlz: u(A). u(B)
p(llz : A. K) = Tz : u(A). p(K)
1(Type) = Type

w(Kind) = Kind

is a theory morphism from theory S to theory T when:
1. for every constant ¢ : A € S, there exists a term p. such that Fp p. : u(A),
2. for every constanta : K € S, there exists a term p, such that b p, @ p(K),
3. for every rewrite rule £ — r € S, we have u(f) =g)r 1(r),

where p is defined on contexts and substitutions by

1(2) = o
uwlo:A) = p(l),z:pu(A)
w@,z < M) = u(0),z <« u(M).

The first two conditions are the same as in LF: the constants of S must be mapped
to terms of T that have the correct type. When extending theory morphisms from LF to
AMI/R, we require as a third condition that, for every rewrite rule ¢ — r of S, we have
the conversion () =g(,r #(r) in T. Under this condition, we will see that convertibility is
preserved, i.e., ift =g,z uwinSthen u(t) == p(u)inT. Intuitively, the three conditions
of theory morphisms ensure that the target theory has at least the same deductive and
computational strength as the source theory.

Remark 10.5. Felicissimo [Fel22, see Long version] required as a third condition that, for every
rewrite rule £ — r of S, we have the rewriting ju(¢) — %z p(r) in T (where <% is the reflexive
and transitive closure of — sr). Under this condition, rewritability is preserved, i.e., ift <5z u
in'S then pu(t) =%z w(u) in T. Felicissimo’s condition on rewriting is sufficient to prove our
condition on conversion, but it is not necessary. For instance, consider Ay, As, As of type Type
in'S, with Ay — As, and By, Bo, Bs of type Type in T, with By — By and B3 — Bs. We set
p(A;) :== B; fori € [1,3]. We indeed have (A1) = By =gr Bs = p(As) in T, but we do not
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have u(A1) —5r 1(As). For the Judgment Preservation theorem, we only need to preserve
convertibility, that is why we take a definition of theory morphisms that is more general than
Felicissimo’s definition.

For simplicity, when assigning values to the parameters, we will write u(c) and u(a)
instead of u. and pig.

Example 10.6 (Identity morphism). Let T be a theory. The identity morphism from T to
T maps each constant to itself, and therefore each term to itself. The conditions of theory
morphism are trivially satisfied.

Example 10.7 (Morphism MulDivGr : MulGr — DivGr). We define a morphism MulDivGr
from MulGr to DivGr. All the constants of PLeq are mapped to themselves. The parameters
for x, 1 and inv follow the intuition.

p(x)=dx,y:t.x+(1+y)
u(l) =1
p(inv) ;= Az 0. 1+

For every rewrite rule ¢ — r of the multiplication group, we can easily show that u(¢) and p(r)
are convertible using the rewrite rules of DivGr. For the rewrite rule x x (inv x) < 1, we have

plzx (inve))=pgre+(1+1+2)=pra+(r+1)=psr o+ =sr 1 =sr pu(l).
Example 10.8 (Morphism DivMulGr : DivGr — MulGr). We define a morphism DivMulGr
from DivGr to MulGr. All the constants of PLeq are mapped to themselves.

(=) == Az, y: . x x (inv y)
u(l) =1

For every rewrite rule ¢ — r of DivGr, we can easily show that n(¢) and u(r) are convertible
using the rewrite rules of MulGr. For the the rewrite rule 1 +~ (1 + z) — x, we have

p(l+(1+x)) =pr 1 x(inv (1 xinvz)) =ggr inv (inv z) =gr = =gr 1(x).
To show that MulDivGr and DivMulGr are isomorphisms, we have to show that the

composition MulDivGr;DivMulGr and the identity morphism of MulGr are equal, and
accordingly for the opposite composition.

Example 10.9 (Morphism MulGr — MulGr). The composition MulDivGr;DivMulGr /s o
theory morphism from the multiplication group MulGr to itself. In particular, we get the
following parameters.

u(x) = Az, y: .z xinv (1 x inv y)
pu(l) =1
p(inv) == Az . 1 xinv e

Note that, thanks to the rewrite rules of MulGr, we have j(x) =gr Az,y : t. © X y and
p(inv) =gr Az : ¢. inv z. Therefore, the variant of AI1/R with n-conversion suffices to have
p(x) =gyr x and p(inv) =g,z inv. In that case, the morphism MulDivGr; DivMulGr and the
identity morphism of MulGr are definitionally equal.

Later in Example 10.18, we will show how a propositional equality of morphisms can
be proved in a situation where definitional equality is not strong enough.
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10.1.3 Judgment Preservation Theorem

The main property of theory morphisms is that this translation preserves convertibility
and judgments. Once we have specified the parameters of a theory morphism, we can
therefore translate any typing judgment from the source theory to the target theory. In
particular, we can transfer proofs between different theories of A\II/R.

Let x be a theory morphism from S to T.

1. Ifks T, then b p(T).

2. IfT'Fs M : A, then u(T) Fr (M) = p(A).
3. fI'Fg A: K, then p(T') Fr u(A) @ p(K).
4. If ' ks K : Kind, then p(T") Fr p(K) : Kind.

This theorem extends the Judgment Preservation theorem of [RS13] from LF to
AMI/R, and generalizes the one of [Fel22] as we consider a broader definition of theory
morphisms. The theorem relies on the substitution lemma, which states that morphism
and substitution commute with each other, and on the conversion lemma, which states
that convertibility is preserved by the morphism.

Lemma 10.11 (Substitution). Let u be a theory morphism from S to T, and 6 be a substitution.
1. p(MO) = p(M)p(0),
2. p(Al) = p(A)p(0),
3. p(K0) = p(K)u(d).

Proof. By induction on terms.

— Variable: If 6 does not substitute x, then by definition 1(#) does not substitute =
either. Therefore u(x0) = pu(x) = p(x)u(H).

If & substitutes x by N, then by definition u(0) substitutes = by u(N). Therefore
p(z0) = p(N) = p(x)p(0).

— Constant: We have p(ct) = u(c) = pe = pepr() = p(c)u(), as ¢ and p, are closed
terms. Similarly, p(af) = p(a)p(6).

— The other cases are shown using the induction hypotheses. O
Lemma 10.12 (Conversion). Let u be a theory morphism from S to T.
1. If A=g)r BinS, then u(A) =gr 1(B) in T.

2. If K =goyr K'inS, then u(K) =gy n(K') in T.
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Proof. By induction on the construction of =g,%.

— We have u((Az : A. M) N) = (Az : u(A). p(M)) w(N) =g p(M)u([z + N]). By
Lemma 10.11, we get p((Az : A. M) N) =gr pu(M[z < NJ]). Similarly, we prove
p((Ax : A. B) M) =gr p(Blz < M]).

— Suppose that z is not free in M. We have u(Ax : A. M z) = Az : pu(A). u(M) =,
which is n-convertible to pu(M).

— Let ¢ — r € S and 6 be a substitution. We have u(¢6) = u(¢)u(f) and
wu(rf) = u(r)u(@) using Lemma 10.11. By definition of theory morphism, we derive
) =

u()u(0) =par w(r)u(d) = p(ro).

— The cases for applications, abstractions and dependent types follow from the
induction hypotheses.

— Reflexivity, symmetry, and transitivity are immediate. O
Proof of Theorem 10.10. By induction on the typing derivations.

— Const-Obj: By induction hypothesis, we have Fr u(T"). By definition of theory
morphism, we have bt pu. : p(A). Hence, we derive pu(T') Fr ue : p(A) by
weakening. We proceed similarly for Const-Type.

— App-Obj: We have pu(T') Fr pw(M) : Iz : p(A). w(B) and p(T) Fr w(N) : u(A)
by induction hypotheses. We derive u(I") Fp u(M ) w(N) : u(B)lx + pu(N)] using
App-Obj. We get u(T") Fr (M) pu(N) : pw(B[z « N]) using Lemma 10.11. We
proceed similarly for App-Type.

— Conv-Type: We have u(T") Fr p(M) = p(A) and u(T) Fr p(A) = Type by induction
hypotheses. As A =g,z B in S, we get u(A) =gur w(B) in T using
Lemma 10.12. We derive u(I') Fr pu(M) : p(B) using Conv-Type. We proceed
similarly for Conv-Kind.

— The remaining cases follow from the induction hypotheses. O

Remark 10.13. Theory morphisms capture that derivability in the source theory implies
derivability in the target theory. The reverse is not necessarily true: it fails when the target
theory has greater deductive or computational strength than the source theory.

Let us show that u(T") 1 N : u(A) for some N does not necessarily imply T' s M : A for
some M. Let S be the theory with types Ay, Ay and with constant a : A;. Let T be the theory
with types By, By such that By < Bs, and with constant b : By. Let y be the morphism such
that u(Ay) := By, p(Az) := By and u(a) := b. We have b1 b : u(Asg) in the target theory
thanks to the rewrite rule, but A, is not inhabited in the source theory.

This property was already not satisfied for theory morphisms in LF: it suffices to replace the
rewrite rule By — By by a constant f : By — Ba. The type u(As) is inhabited in the target
theory by f b, but A, is not inhabited in the source theory.
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10.2 Applications

Theory morphisms encompass many different translations between logics and between
data structures. We give here four examples. The first one is a translation from a theory
with axiomatized natural deduction to a theory with computational natural deduction.
The second one is a translation from propositional logic to @ logic. The third one is a
translation from higher-order classical logic to higher-order intuitionistic logic. The fourth
one is a translation from lists to binary trees.

10.2.1 From Deduction to Computation

In Example 8.17 and Example 8.18, we have encoded a fragment of propositional logic
with implication and conjunction. The natural deduction rules are represented via axioms
in Example 8.17 and via rewrite rules in Example 8.18. We now define a theory morphism
i from the deductive encoding to the computational encoding of the natural deduction
rules, thus showing that the latter is a refinement of the former.

The constants shared by both encodings are mapped to themselves. The constants
representing natural deduction rules are mapped to theorems proving them by using the
rewrite rules. We map the introduction of implication to

w(imp;) := Ap,q : Prop. \H : Prf p — Prf q. H

of type Ilp, q : Prop. (Prf p — Prf q) — Prf (p=q), since Prf p — Prf gand Prf (p=q)
are convertible. Similarly, the left-elimination of the conjunction is mapped to

p(ander) == Ap,q : Prop. NHpg : Prf (p A q). Hpg p (AHp = Prf p. AHy : Prf q. Hp)

which has type Ilp, q : Prop. Prf (pAq) — Prf p. The same idea applies for the remaining
natural deduction rules.

10.2.2 From Propositional Logic to (), Logic

Andrews formulated Qo [And02], a version of higher-order logic in which the only primitive
symbol is equality. All the other connectives and quantifiers are then built upon equality.
Qo is for instance used in the HOL Light proof assistant.

Example 10.14 (Q logic). To encode Qg in AI1/R, we use the encoding of the notions of sort,
function sort, proposition and proof [BDG'23].

Set : Type

El: Set — Type

~ 1 Set — Set — Set
El(x~y)— Elx— Ely
o: Set

Prf : El o — Type
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We define a polymorphic equality that satisfies Leibniz's law, functional extensionality and
propositional extensionality. For simplicity, = a = y is written x =, y. Unlike the usual
presentation of (o, we take advantage of A\I1/R and define Leibniz's law through rewriting.

=:1la: Set. Ela — FEla — Elo

Prf (x =4 y) <= IIP : El a — Prop. Prf (P z) — Prf (P y)

propext : IIp, g : Prop. (Prf p — Prf q) — (Prf ¢ — Prf p) — Prf (p =0 q)

funext : Ia,b: Set. IIf, g : El (a~b). (Ilz : El a. Prf (f x =p g x)) — Prf (f =¢—b 9)

In funext, the applications f x and g x are well-typed thanks to the rewrite rule on ~-.

We define a theory morphism from PL (as described in Example 8.17) to Q. The
constant Prf is mapped to itself, and Prop is mapped to El o. Each connective is
mapped to its encoding in Q.

M(/\) = Ap,q: Elo. ()‘f fp Q) —(0~0~0)~o ()‘f I T)
1(=) = Ap,q: Elo. (u(N) pq) =op

where T is an abbreviation for the term (Az. ) =,.., (Az. z). Note that the translation
of A is well-typed only because of the rewrite rule on ~-. The translations of the natural
deduction rules rely on funext, on propext and on intermediate lemmas on equality.

In LF, i.e., without rewriting, we would have to define an application constructor and
an abstraction constructor

app : Ha,b: Set. El (a~b) — Ela— ElLb
lam : lla,b: Set. (El a — El b) — El (a ~+ b)

instead of the rewrite rule El (z ~» y) — El * — El y, along with an axiom for the
B-reduction rule. Similarly, Leibniz's law would have been encoded by an axiom.
Therefore, in LF, the user has to explicitly apply these constructors and axioms. In
AMI/R, this work is discharged to the framework through rewriting, resulting in much
simpler proof obligations for the user.

10.2.3 From Classical Logic to Intuitionistic Logic

We have seenin Section 9.1 an encoding of higher-order logic, for both the classical variant
and the intuitionistic variant. The version of Kuroda's translation defined for AII/R in
Section 9.2 can be expressed by a theory morphism. The insertion of double negations is
encoded using the following parameters.

pu(V):=Xa: Set. \p: El a — Prop.¥ a (Az : El a. =—(p 2))

p(Prf) :== Ap : Prop. Prf (=—p)

All the other constants, except the ones encoding the natural deduction rules, are
mapped to themselves. Every constant ¢ representing a natural deduction rule is

mapped to an intuitionistic proof term pu(c) representing its translation. In particular, the
axiom of excluded middle

pem : IIp : Prop. Prf (pV —p)
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is mapped to
p(pem) = Ap: Prop. negi =(pV —p)
(AH : Prf (=(pV —p)). nege (pV —p) H
(orik p —p

(negi p (AHp : Prf p. nege (pV —p) H (orig p —p Hp)))))
which is an intuitionistic proof of Ilp : Prop. Prf (—=—(pV—p)). The theory morphism is well-
defined, as the conversions p(El o) =gr p(Prop) and p(El (x ~ y)) =gr u(El x — El y)
trivially hold in the encoding of intuitionistic logic.

10.2.4 From Lists to Binary Trees

Example 10.15 (Lists). The theory List defines the data structure of lists indexed by the sort
of their elements. We use Set and El defined in Example 10.14 to define the polymorphic
constructor list, which maps any sort a to the type of the lists containing elements of sort a. nil
creates an empty list. cons appends an element to a list. hd returns the head of a list and tl
returns the tail of a list. concat concatenates two lists.

list : Set — Set

nil : Tla : Set. El (list a)

cons : Ila : Set. El a — El (list a) — El (list a)

hd : Ila : Set. El (lista) — El a

tl: a : Set. El (list a) — EI (list a)

concat : Ila : Set. El (list a) — El (list a) — El (list a)

The semantic of these symbols is encoded using linearized rewrite rules, as explained in
Example 8.10.

hd a (consa’ z 1) — z

tla (consa’ z 1) <1

concat a (nil a') I — 1

concat a (cons a’ x l1) la = cons a = (concat a [y I2)

The left-hand side of these rewrite rules are obviously ill-typed, but this is not a problem: the

rules preserve typing. Due to the typing constraints on the head symbols, these rewrite rules
can only be used when a and a’ are instantiated by the same sort.

Example 10.16 (Trees). The theory Tree defines the data structure of binary trees indexed
by the sort of their elements. leaf creates the empty tree. node creates a new binary tree, by
taking as arguments its root and the two children. left returns the left child, right returns the
right child, and root returns the root.

tree : Set — Set

leaf : ITa : Set. El (tree a)

node : Ila : Set. El a — El (tree a) — El (tree a) — FEl (tree a)

left : Ila : Set. El (tree a) — El (tree a)

right : Ila : Set. El (tree a) — El (tree a)

root : ITa : Set. El (tree a) — El a
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We encode the semantics of left, right and root using rewriting. Again, we use linearized rules.

left @ (node @’ z 1 7) — 1
right a (nodea’ z 1 1) — r

root a (nodea’ z I r) — x

We define a composition of binary trees: the second tree is inductively composed with the left
child of the first tree.

compo : Ila : Set. El (tree a) — El (tree a) — El (tree a)
compo a (leaf a’) t <t

compo a (node a’ x 1 r)t < node a x (compoalt)r

We now define a theory morphism from List to Tree. The idea is to represent lists
as binary trees with only left children. For instance, the list [z, 2, 23] is mapped to the

following binary tree.

Formally, the morphism maps Set and El to themselves. list, nil and concat are
mapped to their respective counterparts in Tree. The parameters for cons, hd and tl are
chosen so that we encode lists inside the leftmost branch of binary trees.

p(list) := tree

p(nil) := leaf

p(cons) := Aa : Set. Az : El a. Al : El (tree a). node a = [ (leaf a)
p(hd) := root

p(tl) = left

p(concat) := compo

The conditions of Definition 10.4 on the rewrite rules of List are satisfied in Tree. We
only show the most interesting case.

p(concat a (cons a x 11) la) =pr compo a (node a z I (leaf a)) Io
=gr node a z (compo a Iy l2) (leaf a)
=gr p(cons a x (concat a ly lp))

Note that the conditions on the rewrite rules only need to be satisfied by the versions
of the rewrite rules before linearization. Indeed, we only use instances of the linearized
rules when the left-hand side is well-typed, i.e., we only use instances of the rewrite rules
before linearization.

We are therefore able to translate lists into binary trees, where both data structures
are encoded using the computational power of AII/R.



Chapter 10. Translation Templates 153

10.3 Logical Relations

In this section, we extend logical relations in the sense of [RS13] to AII/R, and we prove
the main theorem about them, often called the Basic lemma or Abstraction theorem. The
technical details of logical relations are much trickier than those of theory morphisms.
We illustrate logical relations on the running example of multiplicative groups.

10.3.1 Formal Definition

A theory morphism p maps the judgmentI' ¢ M : Ato u(T) Fr (M) : pu(A). A logical
relation p on p states and proves an additional invariant satisfied by p: it maps the
judgmentI' =g M : A to the judgment p(T") Fr p(M) : p(A) w(M). Here every type A is
mapped to a predicate p(A) : u(A) — Type, and every term M : A is mapped to a proof
p(M) that (M) satisfies p(A).

The function p duplicates every (free or bound) variable so that every fresh variable
x : Avyields both its translation x : u(A) and an assumption z* : p(A) z that x satisfies
the invariant.  Thus, the translation of an abstraction Ax: A. M is given by
Az u(A). Az* 2 p(A) x. p(M). Accordingly, the translation of an application M N is
given by p(M) u(N) p(N), i.e., it supplies both the translated argument u(N) and a
proof that u(N) satisfies its invariant.

The definition of the logical relation of a function type 1z : A. B is the well-known
condition that functions must preserve the relation: p(Ilz : A. B) holds for a function
fu(lz - A. B) if for every x : u(A) satisfying p(A), the term (f z) satisfies p(B). Thus,
p(Ilx : A. B)isgiven by A f : u(Ilx : A. B). 1z : pu(A). llz* : p(A) z. p(B) (f ).

Following the same idea, we would like to define

p(llz : A. K) = Af : u(llz : A. K). Iz : p(A). Tz* : p(A) z. p(K) (f x)

This works, with a little extra effort, in type theories with higher universes. However, in
AMI/R, such a term is ill-typed because p(I1z : A. K) is a kind. To get around this issue,
we insert an extra parameter R to the translation: if R has type Iz : A. K, then we define

plt(lz : A. K) = Oz : p(A). Tlz* : p(A) z. pP¥(K)

and if R has type Type, then we define p®(Type) = u(R) — Type.

More generally, we can define n-ary logical relations on the n theory morphisms
U1, iy from S to T. Such a n-ary logical relation p maps every type to an n-ary
predicate, and every term M : A to a proof of p(A) u1 (M) ... pn(M).

Conventions. Let pg,...,u, be n theory morphisms from S to T. Without loss of
generality, we consider that each p; maps variables x to x;. We use the following
notations:

— We write ¥ : ji(A) for the context z; : pui(A), ..., 2y : un(A).
— We write [# < fi(M)] for the substitution [z1 < u1 (M), ..., zy < pun(M)].

— Wewrite A\Z : i(A). t for Axy : u1(A). ... Azp : pp(A). ¢
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fi(A) = tfor pui(A) — ... = up(A) — t.
Givenalist of terms M = My, ..., M,, we

Definition 10.17: Logical Relation

We write I1Z : ji(A). t for Iz, : pi(4). ...

Mz, @ pn(A). t. Similarly, we write

write ¢ M for the applicationt My ... M,

Let pu1, . .., iy be theory morphisms from S to T. The mapping p defined inductively
from a set of parameters p. and p, by

p(x) =

p(C) = Pc

p(a) = Pa

p(M N) = p(M) fi(N) p(N)

p(A M) = p(A) G(M) p(M)

p(Ax: A. M) = AZ:[i(A). A\x*: p(A) Z. p(M)

p(Ax : A. B) = M:fi(A). \x*: p(A) Z. p(B)

p(Ilz : A. B) Af: fi(dz : A. B). 11 : i(A). Ilz* : p(A) .

p(B) (frz1) ... (fn Tn)

pR(Ilz : A. K) = TIZ: ji(A). Hz* : p(A) 7. pR*(K)

p"(Type) = Jji(R) — Type

p(Kind) = Kind

is a logical relation on p when:

1. foreveryconstantc: A € S, there exists aterm p. such thatbr p. : p(4) ji(c),

2. for every constanta : K € §, there ex

3. for every rewriterule { — r € S, we h

ists a term p, such that bt p, : p®(K),

ave p(¢) =gur p(r),

where p is defined on contexts and substitutions by

p(2) = o
p(Iyz: A) = p), Z:
p(0,z < N) = p(0), &

The first two conditions are the same as in

LF. The third condition, specific to A\II/R,

is necessary so that convertibility is preserved by logical relations.
Note that for every variable z that occurs in a term ¢, the n + 1 variables

x1,...,Tn,x* occur in the translated term p(¢).
declares m(n + 1) variables.

For simplicity, when assigning values to th
instead of p. and p,.

10.3.2 Running Example

In Example 10.9, we discussed how the equal
identity of MulGr can be offloaded to the defi
n-conversion. In general, however, definitional

Therefore, if I declares m variables, p(T")

e parameters, we will write p(c) and p(a)

ity between MulDivGr;DivMulGr and the
nitional equality of A\II/R extended with
equality—even with n-conversion—is not
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sufficient to show the equality between two morphisms, and we have to resort to a
propositional equality. Those situations are one of the applications of logical relations.

For the sake of example, we now show how to prove propositional equality between
MulDivGr;DivMulGr and the identity of MulGr.

Example 10.18. We show the equality between MulDivGr; DivMulGr and the identity of MulGr
using a propositional equality on terms and an equivalence on propositions. To formalize
that argument, we capture the invariant as a binary logical relation on MulDivGr; DivMulGr,
abbreviated 111, and on the identity of MulGr, abbreviated pio.

We first define a binary logical relation on PLeq. The parameter p(.) must be of type
p1(t) — pe(t) — Type, thatis © — « — Type. It captures the following invariant: the two
translations of any element of type . must be equal.

p(t) = Axq, 29 : 1. Prf (x1 = x9)

p(Prop) must be of type pi(Prop) — us(Prop) — Type, that is Prop — Prop — Type. It
captures the following invariant: the two translations of any proposition must be equivalent.
p(Prop) := Ap1,p2 : Prop. Prf ((p1 = p2) A (p2 = p1))

The parameter p( Prf) must be of type

Ip; : p1(Prop). Upa : po(Prop). ILH : p(Prf) p1 p2. pi(Prf p) — pa(Prf p) — Type

that is Ipy, ps : Prop. I1H : Prf ((p1 = p2) A (p2 = p1)). Prf p1 — Prf py — Type. There is
no invariant for proofs, so we only require a proof of a trivially true proposition T.

p(Prf) := Ap1,p2 : Prop. AH : Prf((p1 = p2) A (p2 = p1)).

AH1 : Prf pi. AHs : Prf ps. Prf T
The parameters for the remaining constants of PLeq capture that the invariant on Prop is
satisfied by =, N\ and =, and that the trivial invariant on Prf is satisfied by the constants

encoding the natural deduction inference rules. Such parameters are easy to define.
We now extend p to the constants of MulGr. The parameter p(x) must be of type

Mz : pi(e). Hag = po(e). TTH, @ p(e) x1 x9.
Myy : pua (o). Hyo = pa(e). TLHy < p(e) y1 yo
p(t) (p(x) 1 1) (p2(x) 22 y2)

that is xy,xo : . Prf (z1 = x2) = Hy1,y2 : v. Prf (y1 = y2) = Prf (x1 X y1 = x2 X y2).
It follows that p(x) captures the following proof obligation: if x1 = x4 and y1 = yo then
T1 X Y1 = 22 X Y2.
p(x) == Axy, 22 0. \Hy @ Prf (1 = x2). A\y1,y2 : t. \Hy : Prf (y1 = y2).

leib x1 9 Hy (Az. 21 X y1 = 2 X y2)

(leib y1 y2 Hy (Az. z1 x y1 = x1 X 2) (refl (x1 x y1)))

Similarly, the parameter p(1) captures the proof obligation that 1 = 1, and the parameter
p(inv) captures the proof obligation that if z1 = xo then inv x; = inv zo.
p(1) :=refl 1
p(inv) := Az, 22 1 t. A\H : Prf (1 = x2). leib x1 x9 H (Az : t. inv x1 = inv 2) (refl (inv x1))
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To ensure this is a well-formed logical relation, we have to check the condition on the rewrite
rules. For instance, for the rewrite rule x x1 — x, we have p(x x 1) of type Prf (z1x1 = z9x1)
and p(x) of type Prf (x1 = x2). These two types are definitionally equal, and therefore p(x x 1)
and p(x) are two proofs of the same proposition. If we assume that our framework implements
definitional proofirrelevance (two proofs of the same proposition are definitionally equal), then
the condition p(z x 1) =g,y p(x) holds. The other rewrite rules are treated similarly.

10.3.3 Abstraction Theorem

We have seen that, if M has type A, we want p(M) to be of type p(A) fi(M), where p(A) is
intuitively an invariant that must be satisfied by ji(M). The Abstraction theorem extends
this idea to the three-level hierarchy of LF and A\II/R.

Theorem 10.19: Abstraction

Let p be a logical relation on p1, ..., tp.

1. If '_S T, then l_TI‘ p(r).

2. If"'g M : A, then p(T') Fp p(M) = p(A) iZ(M).

3. IfT' ks A: K, then p(T') Fr p(A) : p?(K).

4. IfT g K : Kind, then T s R : K entails p(T") Fr p®(K) : Kind.

Note that, in [RS13], the preservation of conversion is part of the Abstraction theorem.
This is because in [RS13], the conversion is typed, so that both conversion and typing
depend on each other, and therefore both proofs must be intertwined. With our untyped
conversion (see Remark 8.8), the preservation of conversion can be proved separately

and before proving the preservation of typing, making the proofs much simpler. Our
proof needs a simple substitution lemma and a conversion lemma.

Lemma 10.20 (Substitution). Let p be a logical relation on iy, . . ., u,, and 6 be a substitution.
1. p(MO) = p(M)p(6),
2. p(A8) = p(A)p(0),
3. pR(K6) = pP(K)p(0).

Proof. By induction on the terms.

— Variable: If § does not substitute z, then by definition p(#) does not substitute x*.
Therefore p(x0) = p(x) = z* = x*p(0) = p(z)p(0).

If 6 substitutes = by N, then by definition p(6) substitutes z* by p(NN). Therefore
p(x0) = p(N) = z*p(0) = p(x)p(0).

— Application: We have p((M N)8) = p(M6 NO) = p(M0) [i(N0) p(NO). We have
p(M0) = p(M)p(0) and p(N6O) = p(N)p(0) using the induction hypotheses. Using
Lemma 10.12, we have u;(N60) = u;(N)ui(6) = ui(N)p(8) for every i € [1,n].
Therefore we derive p((M N)0) = (p(M) fi(N) p(N))p(8) = p(M N)p(0).
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Type: We have p?(Typef) = pf?(Type) = ji(Rf) — Type. Using Lemma 10.12,
we have p;(R0) = pi(R)pi(8) = ni(R)p(0) for every i € [1,n]. Therefore we derive
p"(Typed) = [i(R)p(0) — Type = (fi(R) — Type)p(0) = p"(Type)p(0).

The other cases are shown similarly. O

Lemma 10.21 (Conversion). Let p be a logical relation on iy, .. ., .

1.

2.

If A=gr BinS, then p(A) =g,r p(B)inT.

If K =g)r K'inSthen p(K) =5,z p"(K') inT.

Proof. By induction on the construction of =g(,\z.

We have p((Az : A. M) N) = (AZ : fi(A). A\z* : p(A) Z. p(M)) [i(N) p(N), which
B-reduces to p(M)p([x < N]). We derive p((Ax : A. M =sr p(M[z < NJ)
using Lemma 10.20. Similarly, we have p((Az : A. B) M) =g p(Blx < M]).

Suppose that x is not free in M. Then the variables &, z* are not free in p(M).
We have p(Az : A. M ) = A\Z : ji(A). \x* : p(A) Z. p(M) & z*. Using n-conversion,
we getto p(Ax : A. M x) =g,r p(M).

Let ¢ — r € Sand # be a substitution. Using Lemma 10.20, we have p(¢0) = p(£)p(0)

and p(rf) = p(r)p(6). We derive p(t0) = p(()p(6) =puyr p(r)p(0) = p(rd) by
definition of theory morphism.

The cases for applications, abstractions and dependent types follow from the
induction hypotheses.

Reflexivity, symmetry, and transitivity are immediate. O

The following lemma will be useful to prove Theorem 10.19.

Lemma 10.22. If R =5r R' then p®(K) = =5(n )Rp (K).

Proof. By induction on K. The case pf(Ilz : A. K) follows from the induction hypothesis
on K using R x =g,z R z. The case p®(Type) follows from Lemma 10.12, O

Proof of Theorem 10.19. By induction on the typing derivations.

Empty-Ctx (case 1): Since p(@) = @, we derive -1 p(@) using Empty-Ctx.

Decl-Var (case 1): By induction hypotheses, we have

Fr p(T)
and  p(I') Fr p(A) : fi(A) — Type.

Using Theorem 10.10, we have u;(T") Fr w;(A) : Type. Since x ¢ T, we have
x; ¢ p(I') and z* ¢ p(I"). We derive -1 p(I"), Z : [i(A) using weakening and Decl-Var
several times. We have p(I'),Z : [i(A),z* : p(A) Fr p(A) Z using App-Type and
weakening. We derive k1 p(T"), @ : ji(A),z* : p(A) & using Decl-Var.



158

Chapter 10. Translation Templates

Sort (case 4): Suppose that I' g R : Type for some R. We have 1 p(I") by
induction hypothesis. Using Theorem 10.10, we get 1u;(I') Fr wi(R) : Type.
We derive p(T') b1 fi(R) — Type : Kind using Sort, weakening and Prod-Kind
several times.

Const-Obj (case 2): We get -1 p(I") by induction hypothesis. By definition, we have
Fr pe @ p(A) fi(c). Using weakening, we derive p(T') 1 p. : p(A) fi(c).

Const-Type (case 3): We get 1 p(T") by induction hypothesis. By definition, we have
Fr pa 2 p*(K). Using weakening, we derive p(T') Fr pg @ p®(K).

Var (case 2): By induction hypothesis, we have - p(I"). Since z : A € T', we have
z* : p(A) @ € p(T'). We derive p(T") Fr z* : p(A) Z using Var.

Prod-Type (case 3): By induction hypotheses, we have

p(I) Fr p(A) = i(A) — Type
and p(T),Z: ji(A),z* : p(A) Z b1 p(B) : [i(B) — Type.

Using Theorem 10.10, we have

wi(T) Fr pi(A) : Type
and  wi(T), 2 : pi(A) br pi(B) : Type.

We have p(I), f : i(Ilz : A. B), & : @(A),z* : p(A) Z b1 fi i : wi(B) using App-Obj.
Using weakening and then App-Type several times, we get

—

p(D), f:i(Mlx: A. B),Z: ji(A),z* : p(A) Z 1 p(B) (f1 1) ... (fn zn) : Type.
Using Prod-Type, Abs-Type and weakening several times, we derive

p(M) Fr Af: g(Ilz: A. B). IIZ : ji(A). Iz* : p(A) Z.
p(B) (fix1) ... (fnxy): i(Ilx: A. B) — Type.

Prod-Kind (case 4): Suppose thatT' s R : Ilx : A. K for some R. Therefore we
haveI',z : AFs R x : K. By induction hypotheses, we have

p(I) Fr p(A) : ji(A) — Type
and p(I),Z: fi(A),z* : p(A) & Fr pR*(K) : Kind.

Using Theorem 10.10, we have p;(I') 1 wi(A) : Type. Using Prod-Kind and
weakening several times, we derive

p(D) Fp I0E : fi(A). TIz* : p(A) Z. pP*(K) : Kind.

— Abs-Obj (case 2): By induction hypotheses, we have

p(T') Fr p(A) : [i(A) — Type
and p(I'),2: fi(A), 2" : p(A) Z b1 p(B) : [i(B) — Type
and p(T),7: ji(A),x* : p(A) T 1 p(M) : p(B) ji(M).
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Using Theorem 10.10, we have

i (T )hr uz( )« Type
and uz(F) : z( ) b pi(B) : Type
and (D), 2 : pi(A) b (M) @ pi(B).

Using Abs-Obj and weakening several times, we derive
p(D) br AZ : fi(A). Ax™ : p(A) Z. p(M) : TIZ : [i(A). Tlz* : p(A) Z. p(B) i(M).

Using Conv-Type, we get p(I') br p(Az : A. M) : p(Ilz : A. B) ji(Ax : A. M), as we
easily have p(T") Fr p(Tlz : A. B) fi(Az : A. M) : Type.

— Abs-Type (case 3): By induction hypotheses, we have

p(L) Fr p(A) : fi(A) — Type

and p(T),Z: fi(A),z* : p(A) & Fp pP=A B)2(K) : Kind

and p(), & : fi(A),z* : p(A) & br p(B) : pP(K).
Note that we have applied the fourth item with R := (Az : A. B) x. We have
pP(K) =pr pP=4 B)2(K) using Lemma 10.22. Using Conv-Kind, it follows that
p(D),Z: fi(A),z* : p(A) & p p(B) : pA=A- Bl z(K),
Using Theorem 10.10, we have p;(I') Fr wi(A) : Type. Using Abs-Type and
weakening several times, we derive

p(T) bp AT : fi(A). Ax* : p(A) Z. p(B) : 1IZ : fi(A). Ilz* : p(A) Z. pP=A- B o (k).
— App-Obj (case 2): By induction hypotheses and Conv-Type, we have

p(T) Fr p(M) : I < fi(A). Ta™ < p(A) Z. p(B) (un(M) @1) ... (4n(M) )
and  p(I') Fr p(N) : p(A) fi(N).

Using Theorem 10.10, we get 14;(T") Fr w1 (V) : pi(A). Using App-Obj and weakening

several times, we derive

p(I') Fr p(M) [i(N) p(N) :
(p(B) (p1(M) 1) ... (pn(M) 20))[T <= fi(N), % <= p(N)]

that is

p(I) 1 p(M) fi(N) p(N) :
p(B)[7 (N}, 2" p(N)] (1 (M) js(N)) .. (n(M) ().

Using Lemma 10.20, we derive p(T") b1 p(M N) : p(Blx + N]) (M N).

— App-Type (case 3): By induction hypotheses, we have

p(D) Fr p(A) : 11 : {(B). Tla* : p(B) &. p**(K)
and p(I) Fr p(M) : p(B) ji(M).

Using Theorem 10.10, we get u;(I") Fr w;i(M) : pi(B). Using App-Type and
weakening several times, we derive

p(D) b p(A) [i(M) p(M) : p* “(K)[F = (M), &* « p(M)].

Using Lemma 10.20, we obtain p(T') Fr p(A M) : pA M(K[z < M]).
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— Conv-Type (case 2): By induction hypotheses, we have

p(L) 1 p(M) : p(A) (M)
and p(T) br p(B) : fi(B) — Type.

Using Theorem 10.10, we have

i (L) Fr pi(M) = pi(A)
and 1;(T) Fr pi(B) : Type.

Since A =g,z B inS, we have yu;(A) =gur 1i(B) in T using Lemma 10.12 and
p(A) =gmr p(B) in T using Lemma 10.21. Therefore, using weakening,
Conv-Type and App-Type, we get p(I') bt p(B) i(M) : Type. We derive
p(T) b p(M) : p(B) fi(M) using Conv-Type.

— Conv-Kind (case 3): By induction hypotheses, we have

Using Theorem 10.10, we have

pi(L) P i (A) = pi(K)
and /LZ(F) FT ,u,(K’) : Kind.

Since K =g,z K'inS, we have ;(K) =g()r pi(K') in T using Lemma 10.12 and
p(K) =payr p*(K') in T using Lemma 10.21. We derive p(T') Fr p(A) : p*(K')
using Conv-Kind. O

10.4 Sort-Erasure Translations

In this section, we represent sort-erasure translations from hard-sorted to soft-sorted to
unsorted logic. Here “sort” is the word that we will use for object-logic types to avoid any
confusion with the types of AII/R. The first translation erases hard sorting and instead
captures the sorting relation via a special judgment. The second translation erases sorts
entirely and captures them as unary predicates. Both of these translations have proved
challenging, and to our knowledge, this is the first time that such translations are fully
defined and verified. Our treatment will reveal several subtle critical design choices.

A key insight to formalize these is to adjust the target theories with additional
features that allow carrying the sorting properties throughout the translation.
Specifically, we encode dependent pairs to group a term with a proof about it, and we
add a dependent variant of implication in order to access such proofs while building
propositions. We define dependent pairs and dependent implication by taking
advantage of rewriting.
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10.4.1 Hard-Sorted, Soft-Sorted and Unsorted Logic

We first formalize unsorted logic UFOL, soft-sorted logic SFOL, and hard-sorted logic HFOL.
Example 10.23 (Unsorted Logic). In unsorted logic UFOL, all terms have the generic type tm.

tm : Type
Prop : Type
Prf : Prop — Type

We define an implication =, along with a rewrite rule that subsumes its two natural deduction
rules, as discussed in Example 8.18.

= : Prop — Prop — Prop
Prf (p=q) = Prfp— Prf q

We also add the usual universal quantifier to exemplify the treatment of binders.

Y : (¢tm — Prop) — Prop
Prf (Vp) < Iz : tm. Prf (p x)

Sorted logic arises by adding a constant Set for object-logic sorts and allows
quantification over sorted object-logic terms. There are two variants to define, going
back to the definitions by Curry and Church, which we will refer to as soft-sorted logic
SFOL and hard-sorted logic HFOL.

Example 10.24 (Soft-Sorted Logic). The theory SFOL arises from that of UFOL by adding a
type Set of sorts and an external predicate # that captures the sorting of terms.

tm : Type

Set : Type

Prop : Type

Prf : Prop — Type

# :tm — Set — Type

The definition of the implication is the same as in UFOL. But we change the universal quantifier,
which is unsorted in UFOL, to a polymorphic version that takes as an additional argument the
sort a over which it quantifies.

V:1la : Set. (Ilz : tm. x # a — Prop) — Prop
Prf (Vap) =Mz :tm.Ih:x #a. Prf (px h)

The body of the quantifier binds two assumptions: the bound variable and a proof that it
has the sort a. The latter ensures that bound variables are always well-sorted and thus that
variables range over well-sorted objects only.
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Example 10.25 (Hard-Sorted Logic). Hard-sorted logic HFOL uses the type of sorts Set, and
El that maps a sort to the type of their elements.

Set : Type

El: Set — Type
Prop : Type

Prf : Prop — Type

Thus, object-logic terms of sort a have type El a.

The encoding of the implication is the same as for UFOL and SFOL. The polymorphic
universal quantifier of HFOL differs from that of SFOL: instead of binding a variable x : tm
and a proof h : x # a, we directly bind a variable x : El a.

V :1la : Set. (El a — Prop) — Prop
all; : Tla : Set. IIp : El a — Prop. (Ilx : El a. Prf (p x)) — Prf (V ap)
alle : Ha : Set. llp : El a — Prop. Prf (Y ap) — z : El a. Prf (p x)

Note that we encode the semantics of the universal quantifier here using two axioms as
opposed to the rewrite rule used in UFOL and SFOL. This is due to a technical issue that we will
explain in Section 10.4.4.

10.4.2 From Hard-Sorted Logic to Soft-Sorted Logic

Overview. To translate from HFOL to SFOL, the first intuition is to proceed in two steps:
we erase the sort information using a theory morphism, and then we recover it using
a logical relation. This approach is one of the example of [RS13], where bindings are
exemplified by A-abstractions instead of quantifiers.

The first step is to define a morphism, mapping sorts to themselves and erasing the
hard sort information by mapping every type El a to the type tm. The constants Set, Prop
and Prf are mapped to themselves.

w(El) == Xa : Set. tm
(V) := Xa : Set. Ap : tm — Prop.¥ a (Ax : tm. Ah : x # a. p x)

Then, in a second step, we recover the sort information by proving that whenever we have
M : El a in HFOL, we can show (i.e., give a term of type) (M) # p(a) in SFOL. To do so,
we define a unary logical relation on the morphism. Terms of type Set are mapped by the
morphism to themselves, so p(Set) can be any trivially satisfied predicate, for instance T.

p(Set) := Xa : Set. Prf T
p(El):=Xa:Set. \a® : Prf T. Az :tm.xz#a

So far, we have only translated the syntax of HFOL. We also need to translate the proof
rules of HFOL. However, we encounter a problem. The proof rule all takes as argument
x : El a. Therefore u(alle) takes as argument x : tm. But to define p(alle) in SFOL, we must
have access to the sort-preservation invariant u(x) # p(a). Thus, we cannot define the
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morphism for the proof rules without already using the logical relation on the syntax—
whereas the logical relation must be defined after the theory morphism. The translation
in [RS13] worked out because it did not cover the proof rules.

One solution is to define a mutually recursive morphism and logical relation. This is
essentially the approach followed in [Tra24b] for particular theories of AII[/R. We
generalized that idea to a systematic meta-theorem for A\II/R, allowing the morphism to
flexibly make use of the invariant established by the logical relation whenever it was
needed. However, the use of this formalism was very complex.

Instead, we identify a third approach as the most scalable: we pair up the morphism
and the logical relation, and define both at once. For example, we map El a to the
dependent pair type Xx : tm. x # a. Thus, every translated term always carries its
well-sortedness proof. While seemingly heavyweight in the use of pairs, this approach
has the key advantage that it can technically be represented as a theory morphism, thus
keeping the framework simple.

Of course, the syntax of A\II/R does not feature dependent pairs. But that is not a
problem, as we can encode inside AII/R the specific instances of dependent pairs we
need for the translation.

Extending the Target Language. For our specific translation, we only need the
types Xz : tm. x # a for every a : Set. The declarations below extend SFOL to SFOL’ by
adding this type, called pair a.

pair : Set — Type

mk_pair : Ila : Set. Ilx : tm. x # a — pair a
fst : Ila : Set. IIm : pair a. tm

snd : Ila : Set. IIm : pair a. (fst a m) # a

We also specify rewrite rules, effectively making pair a behave like Xz : tm. = # a.

fst a (mk_paira x h) — x

snd a (mk_pair a z h) < h

mk_pair a (fst a m) (snd a m) < m

In particular, the second rewrite rule only preserves typing because of the first rewrite
rule: the left-hand side is of type (fst a (mk_pair a = h)) # a while the right-hand side is of
type x # a.

Remark 10.26. The combination of these rewrite rules with [3-reduction is not confluent on

untyped terms [Klo80], but is confluent in several typed cases [Pot81, CC96]. The case of typed
terms of A\II/R remains to be investigated.

Defining the Translation. We can now give a morphism HFOL — SFOL'.

Set) := Set

El) := Xa : Set. pair a
Prop) := Prop

Prf) = Prf

W
W

(
(
u(
(

=
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We set u(=) := =, and the condition of Definition 10.4 on the rewrite rule of = is trivially
satisfied.

To define u(V), we have a predicate p that takes a pair as an argument, but we need
to use the universal quantifier of soft-sorted logic, in which the predicate takes two
arguments sequentially. We pair of the arguments together and apply p. The
translations for all; and alle can be easily derived, as it suffices to pack elements into a
pair or unpack them from a pair.

w(V) = Aa: Set. A\p: pair a = Prop. V¥ a (Az. Ah. p (mk_pair a x h))
w(all)) = Xa: Set. Ap: pair a — Prop.

AH : (Ilm : pair a. Prf (p m)).

Axctm. Ah:x # a.

H (mk_paira x h)

w(alle) = Aa: Set. Ap: pair a — Prop.
AH : Prf (Y a (Az. Ah. p (mk_pair a = h)))
Am : pair a.

H (fstam) (snd a m)

Note that we build a term of type Prf (p (mk_pair a (fst a m) (snd a m))), although p(alle)
must return an object of type Prf (p m). These two types are convertible thanks to the
third rewrite rule.

Without rewriting, we would have to represent the rewrite rules of dependent pairs
as equality axioms in the logic. But these rewrite rules are used extensively in practice:
because our translation pairs every term with the proof of its invariant, every operation
on terms must unpair its arguments, operate on the components, and pair the results,
thus introducing reducible expressions all over the places. For example, [IR11] used a
similar pairing approach to translate type theory into set theory. However, it used LF,
and practical applications of that translation were made difficult by the deduction steps
required to reduce these expressions. In AII/R, this burdensome task is discharged to
the framework through rewriting.

10.4.3 From Soft-Sorted Logic to Unsorted Logic

Overview. To translate from SFOL to UFOL, the key intuition is to map every sort to a
unary predicate on unsorted terms, and to use that predicate to relativize the quantifiers.
Such a relativization process has already been used to translate from many-sorted logic
to one-sorted logic [Her30, Wan52].

We map every sort a to a predicate u(a) on unsorted terms, and then the external
sorting relation M # a can be mapped to the proposition u(a) pu(M). The critical part
of the translation is the treatment of bound variables in the universal quantifier. The
intuitive idea is to translate a quantification V a p over some sort a with predicate p to a
relativized unsorted quantification of the form V (Az. (u(a) z) = (u(p) x)). But in SFOL,
the predicate p takes two arguments—a term x and a proof of = # a. The translation of
p therefore takes two arguments—a term z and a proof of u(a) z. The straightforward
relativization fails here: the application of u(p) is ill-typed.

We could try to erase the assumption z # a, e.g., by translating it to a trivial type. But
then we would run into the same problem as discussed above for HFOL — SFOL: we need
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these assumptions when translating the proof rules. One way to realize the translation is
to again extend the target language.

Extending the Target Language. We extend UFOL to UFOL’' by adding dependent
implication [IR11], where the construction of the second argument may assume a proof
of the first. UFOL’ replaces the declarations regarding implication by an encoding of
dependent implication [BDG™23].

=4 : p: Prop. (Prf p — Prop) — Prop
Prf (p=4q) <= Ih: Prf p. Prf (q h)

Dependent implication is the Curry-Howard analogue of dependent function type, just
like plain implication is the analogue of simple function type. It is easy to give a theory
morphism from UFOL to UFOL’ that shows that the usual implication is a special case of
the dependent one.

Defining the Translation. We now define a theory morphism SFOL — UFOL'. The
translation of most constants is straightforward:

wu(tm) :=tm

p(Set) :=tm — Prop

w(Prop) :== Prop

u(Prf) := Prf

w(#) == Az : tm. Aa : tm — Prop. Prf (a z)
=) ==

The condition on the rewrite rule of = is trivially satisfied.
The translation of the universal quantifier is the key case. It succeeds now because
we access a proof of a x.

u(¥) = Xa:tm — Prop. \p: (Ilz : tm. Prf (a x) — Prop).
V (Az :tm. (a x) =4 (Ah. p x h))

The condition on the rewrite rule of V is satisfied in UFOL'.

p(Prf Vap)) =gr Prf (¥ (Az:tm. (az)=q (M. pxh)))
=gr Iz :tm. Prf ((a z) =4 (Ah.p z h))
=gr Hz:tm.Ilh: Prf (a x). Prf (px h)
=sr pu(llz :tm. Ik :z # a. Prf (px h))

10.4.4 Axioms vs. Rewrite Rules

We can give both a computational and a deductive variant for HFOL, SFOL, and UFOL. In
each case, we can obtain a morphism ur from the deductive variant of T to its
computational variant, following the blueprint of Section 10.2.1. Let us discuss how the
translations from HFOL to SFOL and from SFOL to UFOL are impacted by the choice of the
variants.
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Typically, if the source theory is deductive, it does not matter if the target theory is
deductive or computational—the translations can be established in essentially the same
way. In particular, if the target theory T is deductive, we can simply compose the
translation with u to obtain a translation into the computational variant of T. But giving
the translation into the computational variant directly can be much simpler because the
rewrite rules of the target theory makes the necessary proofs a lot easier.

It would be unreasonable to expect a translation from a computational to a deductive
variant, for example from computational SFOL to deductive UFOL. Indeed, if two types are
convertible in the source theory, then their translation need to be convertible in the target
theory.

But translations between computational variants can also pose subtle issues.
Indeed, in Section 10.4.2, we have only given a translation from deductive HFOL to
computational SFOL, as the translation from computational HFOL to computational SFOL
fails. To understand what goes wrong, consider the computational variant of the
universal quantifier using the rewrite rule

Prf (Yap) = Iz : Ela. Prf (px)

After applying HFOL — SFOL’, the translations of the left-hand side and the right-hand side
are not convertible in SFOL':

w(Prf (Y ap)) =gr Iz :tm.IIh : x # p(a). Prf (u(p) (mk_pair p(a)  h))
p(lz : Ela. Prf (px)) =pr Iz : pair a. Prf (u(p) x)

and therefore the theory morphism is not well-formed. The problem here is, essentially,
that the former is uncurried while the latter is curried. Diaz-Caro and Dowek [DCD19]
designed an extension of simply typed A-calculus with Cartesian product, in which we
have the currying/uncurrying conversion (A x B) - C = A — B — C. It would be
interesting to investigate whether such a conversion can be extended to dependent types,
and whether AII/R can be extended with such a feature.

10.5 Embedding Data Types

Our use of dependent implication and dependent pairs in the previous translations is
not a one-off trick. They are general techniques for realizing challenging translations.
One common application is to define embeddings that identify a smaller data type as a
fragment of a larger one. Here the difficulty is that a binding over the smaller source data
type must be relativized when translating it to a binding of the larger target data type.

As an example, we give an embedding of natural numbers into integers, in which we
need to relativize bindings of integers with the property of being non-negative. This
property serves as an invariant that the translated terms must satisfy. As for the
sort-erasure translations, it is critical to prove this invariant by induction over terms, and
the translation must be intertwined with the proof of the invariant.

We start by encoding the theory of natural numbers and the theory of integers as
sorted languages, i.e., as extensions of HFOL.



Chapter 10. Translation Templates 167

Example 10.27 (Natural Numbers). The theory HFOL + Nat of natural numbers is built on
hard-sorted logic. For simplicity, we encode the universal quantifier using a rewrite rule.

V :1la : Set. (El a — Prop) — Prop
Prf (YVap) = Iz : Ela. Prf (px)

We define the sort nat for natural numbers, with the two constructors 0 and succ. The relation
> is reflexive and transitive.

nat : Set

0: El nat

succ : Bl nat — El nat

> : El nat — El nat — Prop

axy : Iz : El nat. Prf (z > x)

axg : Iz, y,z : El nat. Prf (x > y) — Prf (y > z) = Prf (x > 2)

For any natural number z, its successor succ x is greater than x. In other words, we have a
proof of succ x > x, and any proof of x > succ x leads to an inconsistency.

axs : Iz : El nat. Prf (succ xz > x)
axq : lz : El nat. Prf (z > succ ) — IIP : Prop. Prf P

Finally, we have the induction principle on natural numbers:

rec: IIP: El nat — Prop. Prf (P 0) —
(Ilz : El nat. Prf (P z) — Prf (P (succ z))) —
Iz : El nat. Prf (P x)

In this theory, we can prove that every natural number is non-negative using the proof term

rec (Az : El nat. z > 0) (ax; 0)
(Az : El nat. A\Hy : Prf (z > 0). axa (succ z) z 0 (ax3 =) Hy)

of type Ilz : El nat. Prf (z > 0).

Example 10.28 (Integers). The theory of integers HFOL + Int /s like HFOL + Nat, with the sort
nat renamed to int. We introduce a predecessor symbol pred. The fact that pred and succ are
inverses is encoded using rewrite rules.

int : Set

0: Elint

succ : El int — El int

pred : El int — FEl int

succ (pred z) — =

pred (succ ) — x

> : Elint — El int — Prop

The normal terms of type El int are in bijection with the mathematical integers.
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The relation > is defined as in HFOL + Nat. Additionally, for any integer x, its predecessor
pred x is lower than .

axy : lz : Elint. Prf (x > x)

axy : Iz, y,z : Elint. Prf (x > y) = Prf (y > z) = Prf (z > 2)
axg : Iz : El int. Prf (succ z > x)
axyq : lz : Elint. Prf (x > succ x)
axs : lz : El int. Prf (x > pred x)
axg : lz : El int. Prf (pred x > x) — IIP : Prop. Prf P

— IIP : Prop. Prf P

The induction principle on integers

rec: IIP: Elint — Prop. Prf (P 0) —
(Ilz : Elint. Prf (x > 0) — Prf (P «) — Prf (P (succ z)))
(Ilz : Elint. Prf (0 > z) — Prf (P z) — Prf (P (pred z)))
[z : Elint. Prf (P x)

_>
_>

involves an additional induction step for pred. The conditions x > 0 and 0 > x of the inductive
steps may appear inessential, but they will be necessary to formalize the embedding of natural
numbers into integers.

Overview. The translation HFOL + Nat — HFOL + Int is structurally very similar to the
translation HFOL — SFOL. We intuitively map the sort nat to the sort int, but we need to
recover the information that any natural number is mapped to a non-negative integer.
Here the invariant of the translation is the predicate x > 0. Like the translation
HFOL — SFOL, we will employ dependent pairs. We need dependent pairs of the form
Yx : El a. Prf (p x). The definitions below extend HFOL + Int to HFOL + Int’ with an
encoding of those dependent pairs.

pair : Ila : Set. (El a — Prop) — Set

mk_pair : Ila : Set. IlIp : El a — Prop. Iz : El a. Prf (p ) — El (pair a p)
fst: Ila : Set. lp : El a — Prop. El (pair a p) — El a

snd : Ia : Set. IIp : El a — Prop. llm : El (pair a p). Prf (p (fst a p m))
fstap (mk_pairapx h) — x

snd a p (mk_pairapxz h) — h

mk_paira p (fsta pm) (snd a pm) — m

Defining the Translation. We can now define HFOL + Nat — HFOL + Int’. The
constants of hard-sorted logic are mapped to themselves. The sort of natural numbers
is mapped to the sort that pairs an integer and a proof that it is non-negative.

p(nat) := pair int (A\z. x > 0)



Chapter 10. Translation Templates 169

The parameters 1(0) requires a proof that 0 satisfies the invariant, and p(succ) requires
a proof that succ preserves the invariant.

1(0) := mk_pair int (Az. z > 0) 0 (ax; 0)
p(succ) := Am : El (pair int (Az. z > 0)). mk_pair int (Az. > 0)
(succ (fstint (Az. z > 0) m))
(axg (succ (fstint (Az. z > 0) m)) (fst int (Az. 2 > 0) m) 0
(axs (fst int (Ax. z > 0) m))
(snd int (Az. = > 0) m))

We define u(>) so that comparing two pairs means comparing their first elements. The
parameter p(ax; ) is straightforward.

w(>) == Amy,ma : El (pair int (Az. z > 0)).
(fstint (Az. > 0) my) > (fstint (Az. x > 0) ma)
p(axy) == Am : El (pair int (Az. = > 0)). ax; (fstint (Az. 2 > 0) m)

The parameters for axg, ax3 and ax4 are defined similarly.

Setting the Parameter j(rec). The parameter u(rec) is trickier. It takes as input a
predicate P of type El (pair int (Axz. z > 0)) — Prop, while the induction principle on
integers requires a predicate of type El int — Prop. As for the translation HFOL — SFOL,
we relativize the predicate using our invariant, thanks to dependent implication.

=4 : Ip: Prop. (Prf p — Prop) — Prop
Prf (p=qq) — Ih: Prf p. Prf (q h)

We apply the induction principle of integers to the predicate
Az : Elint. (z > 0) =4 (Ah. P (mk_pair int (Az. z > 0) = h))

of type El int — Prop. We then have to prove the base case (for 0) and the two inductive
steps (for succ and pred).

For the base case, we are given a proof Hy of type Prf (P ©(0)), and we need to build
a term of type Prf ((0 > 0) =4 (Ah. P (mk_pair int (Az. z > 0) 0 h))). Assuming hg of
type Prf (0 > 0), it remains to build a term of type Prf (P (mk_pair int (Az. z > 0) 0 hg)).
This is not exactly Hy, as hg is not necessarily the second element of the pair 1(0). To get
around this issue, we add an axiom for proof irrelevance—the principle stating that two
proofs of the same proposition are equal.

proof _irr : IIp : Prop. IThy, he : Prf p. g : Prf p — Prop. Prf (q h1) — Prf (q hs)

The induction step for succ is proved similarly. For the induction step for pred, we are
in particular given a proof H> of type Prf (0 > z). We need to build a term of type
Prf ((pred & > 0) =4 (Ah. P (mk_pair int (Az. z > 0) (pred x) h))). Assuming hpreq Of type
Prf (pred = > 0), it remains to build a term of type

Prf (P (mk_pair int (Az. z > 0) (pred ) hpred))-
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Using axg on H> and hpyreq, We get a proof of pred x > x. Using the explosion principle axg,
we obtain a term of type Prf (P (mk_pair int (Az. z > 0) (pred x) hpred)), Which achieves
the case. The complete parameter p(rec) has been formalized in Dedukti.

Remark 10.29. An encoding of dependent pair with predicate subtyping has been proposed
in [BDGT23]. These dependent pairs are proof-irrelevant on their second element. In other
words, two pairs that have the same first element are convertible. We could use such proof-
irrelevant dependent pairs instead of the explicit axiom proof_irr, leveraging even more the
computational power of AXII/R.

Remark 10.30. /n [Tra24b], we defined an embedding of natural numbers into integers using
a mutually recursive morphism and logical relation. This construction is particularly intricate,
and trivially true invariants must be carried through the induction. In contrast, the present
translation is much simpler and only resorts to a morphism.

Our embedding shows that natural numbers are mapped to non-negative integers.
We can extend the theories Nat and Int with operations such as addition. Then we can
extend the morphism accordingly, so that it additionally shows that the corresponding
operations on integers preserve the invariant.

10.6 Implementation for Dedukti

Implementation. We developed a tool, called TranslationTemplates', that
implements theory morphisms and unary logical relations for Dedukti.

TranslationTemplates takes two files representing a source theory S and a target
theory T, and outputs a new file that contains the result of the translation template. An
additional argument controls if the generated file should capture a theory morphism or
a logical relation. For every constant declared in the source file S, the user must provide
an appropriate parameter. The resulting file can be rechecked by Dedukti so that our
code does not have to be a part of the trusted code base. The tool is written in OCaml
in less than 400 lines of code and benefits from the Dedukti kernel and parser. All the
examples of theory morphisms given in this chapter have been implemented in Dedukti
and mechanically checked.

Demonstration. We illustrate TranslationTemplates on the theory morphism
described in Section 10.2.1. For simplicity, we only consider the implication symbol. The
source file deduction.dk contains the theory where natural deduction rules are
encoded via axioms.

Prop : Type.

Prf : Prop -> Type.

imp : Prop -> Prop -> Prop.

imp_i : p : Prop -> q : Prop -> (Prf p -> Prf q) ->
Prf (imp p q).

imp_e : p : Prop -> q : Prop -> Prf (imp p q) -> Prf p ->
Prf q.

Available at https://github.com/Deducteam/TranslationTemplates.


https://github.com/Deducteam/TranslationTemplates
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The theorem Ilp : Prop. Prf (p=-p) is proved by Ap : Prop. imp; p p (AH : Prf p. H).

thm lemma_imp : p : Prop -> Prf (imp p p)
= p => imp_i p p (H => H).

The target file computation.dk contains the theory where natural deduction rules are
encoded via rewrite rules. Note that the symbol Prf is now declared with the keyword
def, because it is definable with rewrite rules.

Prop : Type.

def Prf : Prop -> Type.

imp : Prop -> Prop -> Prop.

[p, 9] Prf (imp p q) --> Prf p -> Prf q.

When asking a theory morphism from deduction.dk to computation.dk, our tool
generates the following file.

#REQUIRE computation.

def Prop_mu : Type := TODO.
def Prf _mu : Prop_mu -> Type := TODO.
def imp_mu : Prop_mu -> Prop_mu -> Prop_mu := TODO.
def imp_i_mu : p : Prop_mu -> q : Prop_mu ->
(Prf_mu p -> Prf_mu q) -> Prf_mu (imp_mu p q)
:= TODO.
def imp_e_mu : p : Prop_mu -> q : Prop_mu ->
Prf_mu (imp_mu p q) -> Prf_mu p -> Prf_mu q
:= TODO.
thm lemma_imp_mu : p : Prop_mu -> Prf_mu (imp_mu p p)

= p => imp_i_mu p p (H => H).

This is a skeleton of the translation, where the parameters must be filled in by the user
instead of the TODOs. To help the user, the type of each parameter is displayed. Such
parameters must be expressed in the target theory computation.dk. We can do so
following the blueprint of Section 10.2.1. The statement and the proof of the theorem
lemma_imp of the source theory have been automatically translated to the target theory.
The file type-checks provided that the conditions of the theory morphism are fulfilled.

10.7 Conclusion

We have defined theory morphisms and logical relations for the AII-calculus modulo
rewriting. These translation templates allow mechanically generating translations from
parameters supplied by the user. The correctness of the translations is guaranteed,
provided certain conditions on the parameters. Such translation templates therefore
allow shifting most of the work to the framework and leaving only a small amount of
work to the formalizer of an individual translation. Apart from an example of theory
morphism in [Fel22], this is the first time that such translation templates are used
systematically for a logical framework with rewriting.

Throughout our examples, we have dealt with the subtle trade-off between axioms
and rewrite rules. On the one hand, when using rewrite rules instead of axioms, parts of
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the proofs are directly discharged by the framework through computation. In particular,
the presence of rewrite rules in the target theory simplifies the proof obligations
generated by the translation templates. On the other hand, the presence of rewrite
rules in the source theory creates additional constraints that need to be satisfied by the
translation templates. These observations allow us to fully leverage the computational
power of the AIl-calculus modulo rewriting to formalize translations between theories.

Moreover, we have identified two subtle practices that allow representing
translations that have previously proved challenging: the use of dependent pairs and of
dependent implication. This observation is independent of rewriting and applies to
other logical frameworks as well—but their use is considerably facilitated by rewriting.
More generally, it indicates that efficient translations across languages may be critically
enabled by deep technical tweaks to the framework or the target language.

We have implemented both templates in the Dedukti proof language, and we have
applied them to mechanically check translations between a number of logics. These kinds
of templates are critical for the interoperability of proof systems, as they allow for the
batch translation of libraries along a theory morphism or a logical relation.



Chapter 11

Conclusion and Perspectives

11.1 Summary of the Contributions

In this thesis, we have investigated the interrelations between higher-order logics (Part I)
and have strengthened the interoperability between different theories of the All-calculus
modulo rewriting (Part Il). The first research axis is based on simply typed A-calculus (used
as a language for the logic), while the second research axis is based on a dependently
typed A-calculus with rewriting (used as a language for logics and proofs). Both research
axes are carried out by establishing translations and proving that they are sound. We have
defined individual translations (Chapters 4 and 9), as well as parameterized translations
(Chapters 5 and 10). Such parameterized translations can be instantiated to generate
various individual translations.

In Part |, we have defined embeddings of higher-order classical logic into
intuitionistic logic, and of higher-order intuitionistic logic into minimal logic. We have
done so by extending double-negation translations (Chapter 4) and monad translations
(Chapter 5). Some results, straightforward in first-order logic, do not necessarily hold in
higher-order logic, due to its intensional nature, but do under functional extensionality
and propositional extensionality. These embeddings translate any proof, but in doing so
they also modify the statement of the theorem. For particular theorems, we can
constructivize the proof without modifying the statement. We have shown how to
constructivize proofs of higher-order coherent formulas (Chapter 5) and higher-order
geometric formulas (Chapter 6). Such results extend Barr's theorem to higher-order
logic and to higher-order infinitary logic.

On this subject, another contribution of Part | is the definition and study of a
higher-order infinitary logic (Chapter 6), that features higher-order quantifiers, infinite
conjunctions and infinite disjunctions. We have investigated its syntax and semantics. In
particular, we have shown a completeness theorem that entails the cut-elimination
theorem for natural deduction.

In Part Il, we have focused on the exchange of formal proofs between theories of the
AMll-calculus modulo rewriting. As a case study, we have extended a double-negation
translation to the All-calculus modulo rewriting, and have implemented it in Dedukti
(Chapter 9). Furthermore, we have extended two translation templates to the
AMI-calculus modulo rewriting, namely theory morphisms and logical relations
(Chapter 9). Theory morphisms allow us to formalize translations from a source theory

173
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to a target theory, while logical relations allow us to show that certain invariants are
preserved by the morphisms. Provided that the parameters supplied by the user satisfy
certain conditions, the generated translations are guaranteed to be correct. We have
instantiated these templates to formalize various translations between theories of the
AMll-calculus modulo rewriting, in particular sort-erasure translations. We have
experienced that the presence of rewrite rules in the source theory creates additional
constraints to satisfy, whereas the presence of rewrite rules in the target theory allows
to discharge some proof obligations to the framework and therefore simplifies the work
of the user. We have implemented these translation templates in Dedukti, boosting
interoperability between Dedukti theories and thus between proof systems.

In the following, we present potential applications of the results of this thesis, identify
goals for future work, and raise open questions.

11.2 Perspectives on Part |

Characterization Property for Double-Negation Translations. As seen in
Chapter 4, Kuroda's translation and the Kolmogorov-Dowek-Werner translation do not
satisfy the characterization property in higher-order logic, because of the lack of
extensionality. More generally, we will have the same problem for any translation that
inserts double negations inside the arguments of predicates. For this reason, we
conjecture that it is not possible to define a double-negation translation that satisfies
the characterization property in higher-order logic and without additional assumptions.

Infinitary Reduction. In Chapter 6, we have extended simple type theory with
families of propositions indexed by an arbitrary countable set, and we have shown that
the resulting reduction is neither confluent nor terminating. The problem is that, even if
each A, reduces to B;, the family {i — A;}z does not necessarily reduce to {i — B;}7 in
a finite number of steps. Intuitively, we would like to allow the reduction of a family of
propositions when all its components reduce in a finite number of steps. As future work,
we could investigate whether this is feasible, and we could analyze the consequences of
such reduction on the meta-theory.

Sequent Calculus for Higher-Order Infinitary Logic. We have defined a natural
deduction proof calculus for higher-order infinitary logic, along with a cut-free variant. We
have chosen natural deduction, as it allowed us to build upon the previous chapters.

In particular, we have extended Barr's theorem following the approach based on
Friedman's trick [Pal02, vdB19]. An alternative approach is based on the cut-elimination
theorem for sequent calculus [Neg03, Rat16, Neg21]. Negri's proof relies on the fact that
cut-free proofs of geometric implications in the classical sequent calculus only use the
rules of her intuitionistic multi-conclusion sequent calculus. Such an argument does not
apply for natural deduction, so the cut-elimination theorem we have established cannot
be used to prove Barr’'s theorem.

It would be interesting to investigate a sequent calculus for our higher-order infinitary
logic, along with an intuitionistic multi-conclusion variant. This would pave the way for
another proof of Barr's theorem for higher-order geometric formulas.
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Topos-based Semantics of Higher-Order Infinitary Logic. In Chapter 6, we have
studied a semantics of higher-order logic based on Heyting algebras. Alternatively, topos
theory can be used to give a semantics to many logics. In particular, first-order geometric
logic can be interpreted in a geometric category [MM92], and higher-order logic can be
interpreted in an elementary topos [Joh02]. Grothendieck toposes are both complete and
co-complete geometric categories and elementary toposes. We could thus investigate a
semantics of higher-order infinitary logic in terms of Grothendieck toposes.

11.3 Perspectives on Part Il

Exchange of Proofs between B and TLA+. B (or its variant EventB) [Abr96] is a
formal method tool, widely used for the specification and verification of safety-critical
systems such as the Paris metro line 14 [BKK'20, Lec24]. TLA+ [Lam02] is a specification
formalism used in the industry, for example by Amazon to design complex
software [NRZ"15]. Both B/Event-B and TLA+ are based on set theory, but they differ on
their logical foundations: B/Event-B uses a typed logic, while TLA+ uses an untyped logic
that does not distinguish terms and formulas.

The ICSPA  project (Interoperable and Confident Set-based Proof
Assistants) [AABB*26] aims at having interoperability between B/EventB and TLA+, using
Dedukti as a middleware. To do so, both B/Event-B and TLA+ have been encoded in the
AlI-calculus modulo rewriting [GB25]. Preliminary results’ show that the sort-erasure
translation of Chapter 10 can be easily applied to translate from the encoding of the
typed logic of B to the encoding of the untyped logic of TLA+. As a future work, it would
be interesting to investigate whether theory morphisms can also be used to translate
from the encoding of the set theory of B to the encoding of the set theory of TLA+.

Reflection Property. Theory morphisms and logical relations capture
preservation-style meta-theorems (“if it holds in the source, it is preserved in the
target”), that are typically shown by induction on the derivations. Reflection-style
meta-theorems (“if it holds in the target, it already held in the source”) are generally
much harder to prove.

One solution is to establish an inverse morphism from the target theory to the source
theory, and use a logical relation to show that the morphism and the inverse morphism
are isomorphic. In that case, both the preservation property and the reflection property
are captured by the isomorphisms.

Alternatively, the reflection property may hold in some restricted form, even if it is
not possible to define an inverse morphism. For example, consider the straightforward
morphism from an encoding of sequent calculus without cuts to an encoding of sequent
calculus with cuts. The cut-elimination theorem formalized in [Pfe00] corresponds to the
reflection theorem, although there is no inverse morphism.

Both solutions only work for certain kinds of translations. Future work would be to
provide formalization support for proving reflection-style theorems.

'Obtained by Zéphyr Ricci, during an internship that | co-supervised with Catherine Dubois.



176 Chapter 11. Conclusion and Perspectives

Computationally-blocked translation. We have seen in Chapter 10 that rewriting
in the target theory can be heavily leveraged to discharge proof obligations to the logical
framework, but that rewriting in the source theory creates additional constraints. In some
cases, the computations of the source theory cannot be represented computationally in
the target theory, hence blocking the translation. We thus have to pre-process the source
theory and replace computations with deductions.

Object-level rewrite rules can be replaced by equational axioms. For example,
x + 0 — x can be replaced by a typed constant of type Prf (x +0 = z). The replacement
of a large class of object-level rewrite rules by equational axioms was studied
in [BDTW24]. In particular, the interplay with dependent types is intricate, and requires
the use of transports.

Type-level rewrite rules can be replaced by typed constants. For example, the rule
Prf (p = q) — Prf p — Prf ¢ can be replaced by the two constants imp; and impe.
Although such replacement is in appearance easy, we also have to take care of the
interplay with dependent types.

It would be interesting to further study translations from computational encodings to
deductive encodings (both for object-level and type-level rewrite rules), and to implement
practical tools to do so in Dedukti.

11.4 Long-Term Perspectives

In the following, we underscore long-term perspectives that emerge from this thesis, and
we discuss how theorem proving and formal methods in general are impacted by the
developments of artificial intelligence.

Concept alignment. When translating a library between proof assistants, we obtain
theorems and proofs that are expressed using the translated definitions of the original
library. However, the translated definitions generally do not match the definitions of the
target proof assistant. Additional work has to be done in order to obtain a library that
uses the definitions of the target proof assistant. This is called concept alignments. A
classification of different concept alignments has been proposed in [MGK™17].
Heuristics for automatically identifying isomorphic concepts and similar concepts have
been developed [GK14, GK19].

Remark that concept alignment concerns both direct translations between proof
assistants and translations that use a logical framework as a middleware.

Blanqui [Bla24] developed a tool that automatically translates proofs from HOL Light
to Rocq, via Dedukti. He proved, by hand, the equality between the concepts coming from
HOL Light and their counterparts in Rocq. It would be interesting to investigate to what
extent this task could be automated, for example using the Trocq tool [CCM24, CCM25],
based on parametricity.

More generally, theory morphisms and logical relations/parametricity translations
could be used to align concepts. Theory morphisms could be applied to translate from
one representation of the concept to another, and logical relations/parametricity
translations could be applied to show that both representations are equal.
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Artificial Intelligence and Formal Proofs. The recent developments of Al, in
particular with Large Language Models (LLMs), disrupt how we do mathematics and
solve problems [Avi26]. The output of LLMs is not necessarily reliable, and the generated
textual proofs require human checking. The use of Al tools to solve mathematical
problems thus strengthens the need for formal proofs and proof assistants. Conversely,
Al appears promising for enhancing theorem proving tools [YPH"26], at different levels.

First, Al might prove useful for turning pen-and-paper proofs into formal proofs, a
task that is often cumbersome for humans. Recently, a proof of the sphere packing
problem in dimension 8 has been formalized in Lean [HBL"26] from a pen-and-paper
proof. The project initially relied on human intervention, but it was finalized using an
autoformalization model.

Second, Al could be useful for guiding humans that use interactive theorem prover, for
example by suggesting intermediate lemmas or proof techniques. The process of writing
a formal proof would therefore be a back-and-forth process between the user and the Al.
Moreover, Al might also be used for automated theorem proving. Among such tools is
DeepHOL, an automated neural theorem prover for higher-order logic [BLR™19].

Third, Al performs well for translating between natural languages, suggesting that it
may also be helpful for having a better interoperability between proof assistants. For
example, LLMs have been used to translate proof terms between Lean and Rocq [SCT25],
and to translate Lean and Isabelle proofs into Rocq [VBAL25].

In short, this Al boom opens new perspectives for theorem proving. Regarding the
contributions of this thesis, it would be interesting to investigate the potential use of Al.
For instance, the parameters of the translation templates could be inferred by an Al
instead of being supplied by the user. Conversely, translation templates could be used
for aligning concepts of a library translated by an Al. On a broader perspective, Al could
offer helpful tools to formalize new results in proof assistants, and could be leveraged to
exchange formal proofs between different systems.

Artificial Intelligence and Software Engineering. The recent Al boom not only
impacts mathematics and problem solving, but also computer science and
programming. LLMs are increasingly used to generate code, but they are opaque tools
that are difficult to explain. The generated programs may contain errors, or may not
match the specification required by the user. This reinforces the need for software
engineering and formal methods. Following the principle of certifiable machine learning,
when asking an Al to generate some code, we should also ask for a certificate that the
generated code satisfies the specification [BHS25]. This program verification requires
the use of formal methods, such as static analysis.

Conversely, Al also seems promising for improving software quality. Al tools not only
generate code, but can also be used for code completion, code commenting, bug
detection, or bug repair [WGH™23]. For example, the Claude LLM was used to find bugs
in Rocq and Lean, including bugs that can be exploited to prove false in Rocq [Tri26]. In
cybersecurity, Al can be leveraged to detect vulnerabilities of critical software [WMR26].

In summary, the recent developments of Al caused a paradigm shift for programming,
that intensified the need for program verification with proof assistants. At the same time,
Al appears promising for improving formal method techniques and tools.
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